
𝜓                                                                                     = ⓒ 

 𝜌 
𝑓(𝑟)

𝑟
 𝑑𝑉                                                               = ⓒ

𝑉

 

   𝜌 
𝑓(𝑟)

𝑟
 𝑎2 

𝑏

𝑏 ′

𝑑𝑎
𝜋

0

sin 𝜃 𝑑𝜃 
2𝜋

0

𝑑𝜙                 = ⓒ 

 𝑑𝜙
2𝜋

0

  𝑔(𝑎) 
𝑓(𝑟)

𝑟
 𝑎2 

𝑏

𝑏 ′

𝑑𝑎
𝜋

0

sin 𝜃 𝑑𝜃            = ⓒ 

 𝑝    𝑔 𝑎  𝑎 
𝑓(𝑟)

𝑟
𝑎

𝑏

𝑏 ′

𝑑𝑎 
𝜋

0

sin 𝜃 𝑑𝜃                   =
ⓒ

2π
 𝑝 

    𝑔 𝑎  𝑎 
𝑓(𝑟)

𝑟
𝑎 𝑝 sin 𝜃

𝑏

𝑏 ′

𝑑𝑎 
𝜋

0

𝑑𝜃                   = ⓓ 𝑝 

    𝑔 𝑎  𝑎 
𝑓(𝑟)

𝑟
𝑎 𝑝 sin 𝜃

𝜋

0

𝑑𝜃 
𝑏 ′

𝑏 ′

𝑑𝑎                  = ⓓ 𝑝 

  𝑔 𝑎  𝑎   𝑓 𝑟 
𝑎 𝑝 sin 𝜃

𝑟

𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎                   = ⓓ 𝑝 

 𝜕

𝜕𝑞
  𝑔 𝑎  𝑎   𝑓 𝑟 

𝑎 𝑝 sin 𝜃

𝑟

𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎
𝑞

𝑞 ′

 𝑑𝑝 =
𝜕

𝜕𝑞
 ⓓ 𝑝

𝑞

𝑞 ′

 𝑑𝑝 

 𝜕

𝜕𝑞
  𝑔 𝑎  𝑎   𝑓 𝑟 

𝑎 𝑝 sin 𝜃

𝑟

𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎
𝑞

𝑞 ′

 𝑑𝑝 = ⓓ 𝑞                                                     (1.1) 

We know: 

𝑟 =  𝑎2 + 𝑝2 − 2 𝑎 𝑝 cos 𝜃 

Also let: 

𝑠 = 𝑎 

𝑡 = 𝑝 

Consider the expression: 

   𝑔 𝑠  𝑠   𝑓 𝑟 
𝑠+𝑡

𝑠−𝑡

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠
𝑞

𝑞 ′

𝑑𝑡  



We next have to change the variables from (𝑟, 𝑠, 𝑡) to (𝜃, 𝑎, 𝑝) in the above expression: 

Ｊ (𝑟,𝑠,𝑡) →  𝜃,𝑎,𝑝  = 

r r r

a p

s s s

a p

t t t

a p







 
 
 
 
 
 
 
 
  

  
  

  
  

  
  

 = 
𝜕𝑟

𝜕𝜃
 = 

𝑎 𝑝 sin 𝜃

 𝑎2+𝑝2−2 𝑎 𝑝 cos 𝜃
 

        𝑔 𝑠  𝑠   𝑓 𝑟 
𝑠+𝑡

𝑠−𝑡

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠
𝑞

𝑞 ′

𝑑𝑡  

=    𝑔 𝑎  𝑎   𝑓 𝑟  Ｊ
𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎
𝑞

𝑞 ′

𝑑𝑝  

=    𝑔 𝑎  𝑎   𝑓 𝑟 
𝑎 𝑝 sin 𝜃

𝑟

𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎
𝑞

𝑞 ′

𝑑𝑝                                                                    (1.2) 

By (1.1): 

 𝜕

𝜕𝑞
  𝑔 𝑎  𝑎   𝑓 𝑟 

𝑎 𝑝 sin 𝜃

𝑟

𝜋

0

𝑑𝜃 
𝑏

𝑏 ′

𝑑𝑎
𝑞

𝑞 ′

 𝑑𝑝 = ⓓ 𝑞 

By (1.2): 

 𝜕

𝜕𝑞
   𝑔 𝑠  𝑠   𝑓 𝑟 

𝑠+𝑡

𝑠−𝑡

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠
𝑞

𝑞 ′

𝑑𝑡               = ⓓ 𝑞 

 𝜕

𝜕𝑞
    𝑔 𝑠  𝑠   𝑓 𝑟 

𝑠+𝑡

𝑠−𝑡

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠 
𝑞

𝑞 ′

𝑑𝑡           = ⓓ 𝑞 

  𝑔 𝑠  𝑠   𝑓 𝑟 
𝑠+𝑞

𝑠−𝑞

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠                                 = ⓓ 𝑞 

𝜕

𝜕𝑏
 𝑔 𝑠  𝑠   𝑓 𝑟 

𝑠+𝑞

𝑠−𝑞

𝑑𝑟 
𝑏

𝑏 ′

𝑑𝑠                          = 0 

𝜕

𝜕𝑏
  𝑔 𝑠  𝑠   𝑓 𝑟 

𝑠+𝑞

𝑠−𝑞

𝑑𝑟  
𝑏

𝑏 ′

𝑑𝑠                      = 0 



𝑔 𝑏  𝑏   𝑓 𝑟 
𝑏+𝑞

𝑏−𝑞

𝑑𝑟                                           = 0 

 𝑓 𝑟 
𝑏+𝑞

𝑏−𝑞

𝑑𝑟                                                              = 0                                                             (1.3) 

 𝑓 𝑟 
𝑏+𝑞

𝑏−𝑞

𝑑𝑟 = 𝐹 𝑏 + 𝑞 − 𝐹(𝑏 − 𝑞) 

                         =[  𝐹 𝑏 + 𝑞 − 𝐹(𝑏) ]− [𝐹 𝑏 − 𝑞 − 𝐹(𝑏)]  

                         =  𝑓 𝑏 + 𝑟  𝑑(𝑏 + 𝑟)
𝑏+𝑞

𝑏

−  𝑓 𝑏 − 𝑟  𝑑(𝑏 − 𝑟)
𝑏−𝑞

𝑏

 

                         =  𝑓 𝑏 + 𝑟  
𝑑(𝑏 + 𝑟)

𝑑𝑟
 𝑑𝑟

𝑞

0

−  𝑓 𝑏 − 𝑟  
𝑑(𝑏 − 𝑟)

𝑑𝑟
 𝑑𝑟

𝑞

0

 

                         =  𝑓 𝑏 + 𝑟  𝑑𝑟
𝑞

0

+  𝑓 𝑏 − 𝑟  𝑑𝑟
𝑞

0

 

                         =   
𝑞

0

[𝑓 𝑏 + 𝑟 + 𝑓 𝑏 − 𝑟 ]𝑑𝑟                                                                     (1.4) 

By (1.3): 

 𝑓 𝑟 
𝑏+𝑞

𝑏−𝑞

𝑑𝑟                                                              = 0 

By (1.4): 

  
𝑞

0

[𝑓 𝑏 + 𝑟 + 𝑓 𝑏 − 𝑟 ]𝑑𝑟                             = 0 

𝜕

𝜕𝑞
  

𝑞

0

[𝑓 𝑏 + 𝑟 + 𝑓 𝑏 − 𝑟 ]𝑑𝑟                       = 0 

𝑓 𝑏 + 𝑞 + 𝑓 𝑏 − 𝑞                                               = 0 

 
𝜕[𝑓 𝑏 + 𝑞 ]

𝜕𝑞
+

𝜕[𝑓 𝑏 − 𝑞 ]

𝜕𝑞
                                  = 0 



𝑓′ 𝑏 + 𝑞  
𝜕 𝑏 + 𝑞 

𝜕𝑞
+ 𝑓′ 𝑏 − 𝑞  

𝜕 𝑏 − 𝑞 

𝜕𝑞
       = 0 

𝑓′ 𝑏 + 𝑞 − 𝑓′ 𝑏 − 𝑞                                              = 0 

𝑓′ 𝑏 + 𝑞       = 𝑓′ 𝑏 − 𝑞                                                                                                             (1.5) 

𝑎 and 𝑝 are independent variables 

𝑏 and 𝑞 are independent variables 

∀ 𝑟 ∈ ℝ, ∃ 𝑏, 𝑞 ∈ ℝ  ∋  𝑏 + 𝑞 = 1 ^ 𝑏 − 𝑞 = 𝑟                                                           (1.6) 

Statements (1.5) and (1.6) are true 

𝑓′ 1               = 𝑓′ 𝑟  

𝑓′ 𝑟               = ⓔ 

𝑓 𝑟                = ⓔ𝑟 + ⓕ 

𝑢 𝑟 =
𝑓 𝑟 

𝑟
= ⓔ +

ⓕ

𝑟
                                                                                                               (1.7) 

 

By (1.7): 

𝐹 𝑟  𝑟 = −𝛁𝑢(𝑟) 

              = −𝛁  ⓔ +
ⓕ

𝑟
  

              = −ⓕ𝛁 
1

𝑟
 = ⓕ

𝑟 

𝑟2
 

 


