90 THEORY OF EQUATIONS

4. Irreducible Case. We return now to the discussion-of the general
golution and consider what happens when A < 0 A curious phe-
nomenon occurs here, for in this case

pP_. [-A
VZ+2_7“V108

is purely imaginary and both numbers

4= 2“\/108’ B=-3-iyims

are imaginary, so that the roots of equation (1) in Sec. 2 are expressed
through the cube roots of imaginary numbers, and yet all three of them
are real. To see this let

VA=a+bi
be one of the cube roots of A. Since B is conjugate to 4, the number

a — bt will be one of the cube roots of B, and it must be taken equal to
VB in order to satisfy the condition

VA VB--P.

Thus,
VA=a+b, VB=a-b,

and from Cardan’s formulas it follows that the roots

hn= 207

= (a + bi)w + (a — b)w? = — a — bV3,

3= (a+b)w+ (e —b)w=—a+bV3
are real and, moreover, unequal. It is clear that ys = ys. If y1 =y,
we should have

= - a\/§,

8o that
VA = a(l — iV3).
But then
A =a(l—-1iV3) = —8a

would be real, which is not true. Similarly, it is shown that y; = ys.
Example. To solve the equation

y—3y+1=0.
In this case
- - - - _ { A_V3
D= 3) q—lv A 81! 108 2’
1, .V3 V3
A=—§+z—§—=w, B=-—-= IT=(.0’
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