Representations of Lorentz Group

based on S-33
We defined a unitary operator that implemented a Lorentz transformation
on a scalar field:
UM)e@U(A) = (A 2)
and then a derivative transformed as: 7= Al

UA)T104p(z)U(A) = A0 (A7 )

it suggests, we could define a that would transform as:

U(A)'Ax(z)U(A) = A*,AP(A™ 1)
and a B#¥(z) that would transform as:

U(A)™'B* (z)U(A) = A*,AY, B (A~ '2)

U(A)™'B*(z)U(A) = A*,AY, B (A~ x)
for symmetric B*(z) = BY*(z) and antisymmetric B¥(z) = —B"#(z)

tensors, the symmetry is preserved by Lorentz transformations.

In addition, the trace T'(z) = g, B*/(z) transforms as a scalar:

A pN s = gpo
UA)T(z)U(A) = T(A 'z)

Thus a general tensor field can be written as:
B (z) = A" (z) + 5" (z) + 19" T (x)
G S = 0

where different parts under LT!

How do we find the smallest (
Lorentz group for a field with

) representations of the
vector indices?

Let’s start with a field carrying a generic Lorentz index:
U(A) " pa(@)U(A) = La®(A)pp(A™"2)

A

LAB(A)LgC(A) = L,°(A'A)

we say these matrices form a

For an infinitesimal transformation we had:
AR, = 88, + Swh,

U(140w) = I + 0w M
where the generators of the Lorentz group satisfied:

(MK, MP7] = i(g“”M 7 — (uHV)) = (poo)

Lie algebra of the Lorentz group.

or in components (angular momentum and boost), '
Ji = %Eijijk

Ki = Mio

we have found:
[Ji, J;] = iheijndy
[Ji, K] = ihe;jp Ky ,
(K, K] = —iheijidy



U(+0w) = I + §6wp M Crucial observation: N = 3 - iK)

In a similar way, for an infinitesimal transformation we also define: B [Ji, Jj] = thegpdy N} = L(J; +iK)) [Ni, N;j] = igijx Ny
N N | ’:ot r:cessarlly hermitian [, K] = ihei K ) [Ni’r, NJT] — ieijkN)I ,
7
La”(146w) = 047 + 36w (5") 4 (K, K] = —iheijiJy [N, Nj]=0.
_ B _
UA)ea(@)U(A) = La®(A)pp(A™"2) The Lie algebra of the Lorentz group splits into two different SU(2) Lie
/ ing I . Sw algebras that are related by hermitian conjugation!
and we ﬁnd: comparing linear terms in Qv
Y Y N B A representation of the Lie algebra of the Lorentz group can be specified
[pa(z), M*] = L pa(z) + (S*) 4" ¢B(2) by two integers or half-integers:
(2n+1,2n'+1)

LW = L(zhd” — 2V OH)
there are (2n+1)(2n/+1) different components of a representation

they can be labeled by their angular momentum representations:
also it is possible to show that LM and (S*)a® obey the same / / ¢ .

commutation relations as the generators
Qv pol — i HP ATVO _ _ |n—n’|, |n—’n’|+1, ces ,n+n’
[M®,MP?| =i g"* M (pev)) — (peo)

(the standard way to add angular momenta , each value appears exactly once)

since J; = N; + N} for given n and n’ the allowed values of j are
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The simplest representations of the Lie algebra of the Lorentz group are:

(2n+1,2n'+1)

How do we find all possible sets of matrices that satisfy | ?

[, M) = i (g M — (pev)) — (peo)
i, J) = ihessndi (1,1) = scalar or singlet
[Ji, K] = iheijp Ky (2,1)

[Ki, K] = —ihey (1,2)
is just the usual set of commutation relations for angular (2,2) vector
momentum in QM: ’

for given j (0, 1/2, |,...) we can find three hermitian \ j=0 and |

matrices J;, J» and J3 that satisfy the commutation relations and the
eigenvalues of J3 are -j, s

the first one

not related by a unitary transformation
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such matrices constitute all of the inequivalent, irreducible representations

f the Lie algebra of e
of the Lie aigebra o cannot be made block diagonal

equivalent to the Lie algebra of by a unitary transformation



Left- and Right-handed spinor fields
based on S-34

) ¢a(x)5

Let’s start with a (

. left-handed spinor index
under Lorentz transformation we have:

U(A) "%a(2)U(A) = Lo’ (A)tp(A ')

that satisfy the group composition rule:

Lo (A)Ly°(A) = LoS(A'A)
For an infinitesimal transformation we have:

. AH, = 0, + dwt,
LoP(146w) = 6,° + 46w, (S) g i
(S5)a2 = (7%

(S, 82°1 = i(g 817 = (ueww)) = (po)

Using
U(1+0w) = I + 0w, M*

we get U(A) a(2)U(A) = L’ (A)y(A z)

["»ba(w)’ M#V] = C#V¢a(x) + (Sfu)ab'll)b(m)

LW = L(ghd” — zvoH)
present also for a scalar field
to simplify the formulas, we can evaluate everything at space-time origin, z# = 0.

and since M% = gk J,  we have:
Eijk[";ba(o)a Jk] = (Sli.j)ab'lpb(o)

so that for i=1 and j=2: i b 1.iik
— 2,
(S12),? = Lehg, = bo (87)a” = 367%0%
o 0 (1)) =) m=(3 %)
(532)12=(532)21=0 1= 10)° 2= i 0/’ 3= 0 —1

Once we set the representation matrices for the angular momentum

operator, those for boosts Kj = M* follow from:
N; = %(J, —iK;)

N} = L(J; +iK;)

Jp = Ny + N}
Ky = i(Ny — N})

N,;r do not contribute when acting on a field in (2,1) representation and so
the representation matrices for K, are i times those for J :

(5= Lig, D =i

Let’s consider now a hermitian conjugate of a left-handed spinor field Ya()
(a hermitian conjugate of a (2,1) field should be a field in the (1,2)
representation) = ( )

e ()] = ¥l (2)

under Lorentz transformation we have:

UA) "Wl (@)U(A) = R (A)v] (A z)

that satisfy the group composition rule:
Ra"(N) Ry (A) = Ra“(A'A)
For an infinitesimal transformation we have:

Rab(146w) = 8,0 + £6w,, (SE),b

(SE)ab = —(S¥)ab



[wa(z)a MI—W] = ﬁ“"'lﬁa(x) + (Sfu)ab"pb(z)

in the same way as for the left-handed field we find:

[w1(0), M*] = (SK")a"} (0)
taking the hermitian conjugate,

(M, 4 (0)] = [(SK*)a¥]"45(0)
we find:

(SE)a> = —[(S#),1*

Let’s consider now a field that carries two (2,1) indices.
Under Lorentz transformation we have:

U(A) *Cup(2)U(A) = Lo®(A) L3 (A)Cea(A )

Can we group 4 components of C into smaller sets that do not mix under
Lorentz transformation?

Recall from QM that two spin /2 particles can be in a state of total spin 0
or I:

202=1593g

Thus for the Lorentz group we have:
2,D)®(21)=>0,0)a0@,1)s
and we should be able to write:

Cab(x) = EabD(x) + Gab(x)

€ab = —€ba
Gab(w) = Gba(a:)
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Cab(m) = eabD(m) + Gab(x)

E€ab = —€ba

€91 = —€12 = +1

U(A) 2Cu(z)U(A) = Lo°(A) Ly (A)Cea(A 1)

La,c (A)Lbd(A)Ecd = Eab

(does not change under a Lorentz

AupAuagpa = Guv transformation that acts on all of its indices)

We can use it, and its inverse to raise and lower left-handed spinor indices:
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e =¢g91 =41, e

b

=g12=-1 eabebc = 6ac s e® Epc = 5ac

to raise and lower left-handed spinor indices:

¥(z) = ey (2)

be c ab a
EabE =60, s € Ebc=5c

¥*(z) = e%hy(2)
We also have:
Yo = E:ab")bb = Eabebcwc = 0q Y

we have to be careful with the minus sign, e.g.:

b b ba b
P =Py = —€"y = —hpe" = ye”
or when contracting indices:

YiXe = Eab¢bXa = _6ba¢bXa = _"pbxb

Exactly the same discussion applies to two (1,2) indices:
1,2)®(1,2) =1, 1D)ae1,3)s

with 66.1'2 defined in the same way as Eg}: €4 = —Epy 7



Finally, let’s consider a field that carries and index;
it is in the (2,2) representation ( ):

Aui(z) = 04, (x)

it is an invariant symbol,
we can deduce its existence from

21)®(1L,2)®22)=11)6....

A consistent choice with what we have already set for SE and Sk is:

homework

In general, whenever the product of a set of representations includes the
singlet, there is a corresponding invariant symbol,

e.g. the existence of gur = guu follows from

(2,2)®(2,2)=(1,1)se(1,3)a® (3,1)a & (3,3)s

another invariant symbol we will use is completely antisymmetric
: (22)©(22) ®(22) (22 =0101s...
E/JVPO‘
0123 — 41
AP, AY gAP, A% 5P s antisymmetric on exchange of any two of its uncontracted

indices, and therefore must be proportional to g*¥P? the constant of
proportionality is det A which is +I for proper Lorentz transformations.

Comparing the formula for a general field with two vector indices

B*(z) = A" (z) + S* (z) + 19" T (z)
G S = 0

with
(2,2)®(2,2) =(1,1)s & (1,3)Aa & (3,1)a & (3,3)s

we see that A is not irreducible and, since (3,1) corresponds to a
symmetric part of undotted indices, 282 =140 3

Cab(x) = EabD(x) + Gab(m)
we should be able to write it in terms of G and its hermitian conjugate.
see Srednicki

Fun with spinor indices

based on S-35
invariant symbol for raising and lowering spinor indices:
! 5 ¥°(z) = %4y (a)

2=l =gy =gy =+1, l=el=gp=gy=-1
e® = _gp = ioy
another invariant symbol:
ot = (I,5) Aui(2) = 0l Au(z)
01 0 —i 10

"‘z(l 0)’ "F(i 0)’ "32(0 —1>

Simple identities: “

Taa0 ubh = —2€44E 5,
proportionality constants
A, from direct calculation
6ab6ab0.gdo.;:b — _2g#u
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What can we learn about the generator matrices (St”)a” from invariant
symbols?

O from e = L(A)°L(A)yeq :

for an infinitesimal transformation we had:
AH, = 6*, + dwH,

LoP(146w) = 8,° + 8w, (SI) b

and we find:

Eab = Eab T+ %&U/.w [ (Sﬁu)acecb + (Sfu)bdead] + O(éwz)

= ab + 30w [~ ()b + (S Yba | + O(60?) .

\ (S£")ab = (SE)ba

similarly:
(58a = (S8sa

QO from %, = A%, L(A),"R(A) 0

for infinitesimal transformations we had:
X (S#y)pr = %(gup‘syr - gup‘s#‘r)
Apr = 5p7_ + %6wuu(55u)pf ’
Lo’ (146w) = 6,° + £0w,w (SH)a"
RaP(146w) = 8% + £, (S4)at
isolating linear terms in dwy, we have:

(g"P8" 7 — g"Po* )ons + 'i(Sf")abafd - i(Sl’{V)ai’crgg, =0

multiplying by Opcé we have:

ohaty — alat, + (S 0,0 e + i (SE” )d 0840 pce =0
Ugdapbb = —26,1[,6&5
p p ( GHY  Guv _
ot.ob, —ov.ot. + 2051 ) ac€ac + 2i1(SR)ac€ac = 0

agéo-z - accaaa + 21(‘5”“})06606 + 21 (S )désac =0

multiplying by €% we get;

e%ehe = =2

(Sw)ac = 45ac(‘7

Edé(Sﬁu)dc' =0

— oha0t)
similarly, multiplying by €%¢

(S )ac = %e

we get:

(ot 00— onaots)

let’s define: : Ko 5
: "y : o.=(I,c
FHaa — Eabeabo.l-{ aa ( ’ )
bb
54 = (I,~3)
we find: , _
(8)e? = +i(o#5” — 0¥5"),°
. € : . .
c (88" = —%(6*0¥ — 5¥a")%;
N c consistent with our previous choice! (homework)
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Convention:

missing pair of contracted indices is understood to be written as:

C C

C C

thus, for left-handed Weyl fields we have:

x¥=x%. and x'ot=xlyfé

spin |/2 particles are fermions

t anticommute:
the spin-statistics theorem (later)

(@)U (y) = —Up{w)Xa(T)

and we find:
XY = X"Ya = —VYaX" 3 ¥ Xa =YX

a a
24



X% =x%, and x'ypt =iyt

spin 1/2 particles are fermions

t anticommute:
the spin-statistics theorem (later)

a(@)s(y) = —Yely)xa (@)

and we find:

XY = X"%a = —Yax" 3 ¥V Xa = VX

a a
a a

for hermitian conjugate we find:

(x¥)t = (o)t = @Wa) (X)) = Pixte = wixt

as expected if we ignored indices

and similarly:
Yixt = xMy!

we will write a right-handed field always with a dagger!
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Let’s look at something more complicated:
wighy = ¢T FHac
X=Y;0" " Xe

it behaves like a vector field under Lorentz transformations:

UA) " WTax]U(A) = A#, [p15"X]

evaluated at A1z
the hermitian conjugate is:

[1,1176“)(]1 — m’; 5udcxc]f
=X ) v

/ = XI 5‘”éa¢a

g# = (I,—&) is hermitian _ XT5'“¢ .
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