Proving limit laws using infinitesimals

Following we will try to prove the limit laws, that is: The addition Law, Subtraction Law,
Constant Law, Multiplication Law, Division Law, Power Law etc. using infinitesimals. In other
words, we will first define the limit of a function in terms of infinitesimals, and after that we
will use that definition and the definition of the infinitesimals and their properties to prove the
above limit laws.

First let's look at the definition and the properties of infinitesimals, for they will be crucial in
proving limit laws.

Infinitesimals

Following i will briefly look upon some definitions and properties of infinitesimals that will be
crucial in making my point.

Definition1. f(x) is said to be an infinitesimal as & — ,( — x?) if and only if:

Ve > 0,3d(e), or (M(e) > D], such that whenever 0 < |z —al < ‘5,{|$| > M], we have :
| flz)] < e

Throughout this portion i will denote the infinitesimals by one of the following symbols and
their indexes: a{z}? ﬁ[z}? T{IL etc

Theorem 1. If on(x), @3(T), ... .» anlTare infinitesimals as & — athen also every linear
combination of them is an infinitesimal. That is:
bl
ﬂ-’(-'ﬂ] = |C:llf‘-’l'[-'l?j + CEQZ{-T] + o + Cnﬂn{l’;is an infinitesimal.
The constants are from the field of real numbers.

Proof:
We will only prove this using the definition of infinitesimals,-written above- without relying at
all on the definition and the properties of limits.

To show that ﬂ{-ﬂis an infinitesimal, we need to show that:

Now since |C‘-’kr:-"ﬁ-'}where k=1,2,3,4, -----» T are all infinitesimals, from the definition we have:

€ €
— = (0,ddile) = C aplax)| < —
e > Oand also for 7|c| »36u(c) such that: () ||’~'|"'1, whenever 0 < |z — a| < &

Now let & = miﬂ{al: 02, .enns 5':::, then
€ €
V—— = 0, 3d(e) > 0, such that |ox| < —, wherever 0 < |z—a| < &

el nc|

Now let & = min{él, 02, ey 5':::, then

€ €
V—— = 0, 3d(e) > 0, such that |ox| < —, wherever 0 < |z—a| < &
el nc|

Al
Now let also £ = mﬂ-'ﬂ(ﬂl: £2: -+ Cnyg0,



Now:

le(z)| = |1 (@)+ezan(z)t. . Acnon(z) | < |erf |aa )]+ eal | @z (z) [+ 4 en||an(z) <

£
|r::||[|r:r1|[:.tr)|+|ﬂg[z}|+...+|r:r (:.tr]|) < |c|(—+— vt

" leln |eln |clm , SO since there are n-terms we
get .
|a{;r]| = |c|nm = E

Which indeed is what we needed to prove.

Theorem 2, If rf“i'{-ﬂis an infinitesimal when & — a and g(x) is a bounded function at a, then
the product a(x) * g(T)s an infinitesimal also.

Proof:
Here we need to show that |2{=)g(z)| <€ 27

Since g(x) is a bounded function at the point a, it means that there exists a constant K, and
also a 9. neighborhood of a, such that for any |z —a| <&y, we have |g(z])| < K.

Now, since ﬂ'[-'l?]is an infinitesimal it means that:
€ £
Ye = 0, also for " 0,361 > 0, such that |a(z)| < —, whenever 0 < |z—a| < 4.

Now if we let, d = min{éa, 51}?1”"—’1 get

Ye = 0,also for % > 0,301 > 0, such that |a(z)| < %,

whenever 0 < |".1.-"—E1| < 4.
Now from the above we have:

[

|9(z)alz)| = |g(z)||alz)] < K4

= E.

Which indeed is what we actually wanted to prove.

Corollary 1. The product of an infinitesimal with a function that has a limit as = — ais an
infinitesimal at that point.

Proof: The proof is quite straightforward, once we notice that every function that has a limit
at any limit point, say a, is actually also bounded at that point. So, we go back on the
conditions of Theorem 1.

Corollary 2. The product of two or more infinitesimals as x->a, is an infinitesimal at that

point. That is :
a(x) = ar(x) * as(x) * ...... # o (T)

Proof: Since ﬂk':-'IFL for k=1,2,3, ... mare infinitesimals as x-->a, we know that:

Ve >0, also for 3fe,30; > 0, such that |ox(z)| < {/(e), whenever 0 < |z—a| < &;.



Now let & = min(d1, 82, ..., dnlthen we get
WYe >0, also for 4/e.30 > 0, such that |ap(z)| < /(e), whenever 0 < |z—a| <.
To prove the theorem, we actually need to show that |ﬂ-’|[-'1']|| <e 71

So,

la(z)| = |ariz)xaa(z)*......2an(x) | = |oalz)|*|aa(z)|*....¢|an(z) | < Jex Vex Fex..xe=(Je)" =€

Corollary 3. The product of any infinitesimal when x-->a, with a constant C, is again an
infinitesimal at this point.

Proof: The proof of this is trivial.

limg(z) =b=/=0, then ——
Corollary 4. If o(Z}is an infinitesimal when x->a, and *—2 g(z)is
also an infinitesimal.

Proof:

We need to show that

Ve > 0,30 >0, such that |ﬁ$])| < 0 77

gl
Since ﬂ(-ﬂis an infiniEesimaI we know that: .
¥e >0, also for +=>0,301 >0, such that |e(z)| < 7

glz)

wherewer (| < |z—a| < 4.

li =h
Also, since :ﬂ from a theorem, which I am not going to prove here, we know that:

. 1 1 1
lim — = -. —
z—a g(x) b From here, since Ei"[-’l?]has a limit at the limit point a, it means that it is also
bounded at that point.
In other words,
IM >0, and also a 8 > 0 neighborhood of asych that whenever |T — | < dcwe have

<M

lg(z)] =

Now let & = min(én?cﬁ], so now we have :

1
—— < M wherever 0 < |z—al| < 4.

€ €
Ve >0, also for — > 0,30 > 0, such that |a(z)| < —, and <
M M |g(z]



H

[

M

= E.

|a(:ﬂ)| _ |l:( ) < M #|a(z)| < M =+

a(z)

So, this way we proved that E(‘E]is also an infinitesimal.

The following theorem is the crucial one on proving the limit laws. Moreover, i will try to use
this theorem as a definition of the limit of a function, and hence use this definition to prove
the limit laws.

THEOREM (*) A is said to be the limit of a function f(x) as x-->a, if and only

if:f {31 — A= ﬂ-"[-'l']. In other words, if an only if the difference f '[-'1']' - A, is an
infinitesimal at the point a.

Proof: Let's first suppose that: imz — ﬂf'[z']' = fl, we have to show that
flz) — A= afz)?77

From the Cauchy's definition of the limit of a function we have:
e > 0,3d(e) > 0, such that |f(z)—A| < e, whenever 0 < |z—a| < 4§
This also fulfills the definition of the infinitesimals, so it actually means that:
flz) — A = afz).
lim f(z)=A 77%

Now, let's suppose that .f[-ﬂ — A= ﬂ-’{-'l'j, we need to show that : z—a
Now, since ﬂ'[-'l?]is an infinitesimal, from its definition we have:

Ye = 0,30(e) = 0, such that|a(z)| < e, whenever 0 < |z—a| <4
since, f(z) — A = a(T)we also get:|'f’-"[-"573I = flz)— Al <e,

lim f(z) = A

S0, r—n . What we actually wanted to prove.

The following is the most important part of what I want to show. Now I will use THEOREM
(*) as a definition of the limit of a function, and from there I will prove the limit laws.

Definition: A is said to be the limit of a function f(x) as x-->a, if and only if

flz) — A= afz).
Theorem: If l’lﬂ fl[:r] =4, and l.lﬂgl{zr] - JBthen prove that:

L lim [f(z)+g(x)] = A+ B = lim f(z)+]im g(z)



2. lim[f{x)—g(z)] = A—B = lim f(z)—1lim g(z)

T—iT T—f T—fl

3. iﬂ”(.‘t] *g(z)] = A% B = lim f(z) * lim g(x)

T—i T—i

4 G F@) _ A Lme f(z)

T Q{I] B lim,_., E(I‘] !
lime * f(z)] = c* A= c* lim f(z)

where B=/=C

N

6. lim ¥/ f(z) = VA= p/lim f(z)

Proof:

1. )

Since lﬂ f{z} - A, it actually means that flz) — A = alz),
Also, since

i_lﬂ. grl[..":] - B, from the definition it means that Q(I} —B= ﬁ(-ﬂ Where both
ﬂ-"[-'ﬂ} and ﬁ'[-'lf] are infinitesimals.

In order to prove this par of the theorem, we need to show that:

[flz) + g(z)] — [A+ B] = v{z) 777 where ¥(Tlis also an infinitesimal. In other words we
need to show that the difference [f(z) + g(z)] — [A+ Blis actually an infinitesimal. Let that
infinitesimal be any ¥(z),

So,
[flz)+g(z)|—[A+B] = [f(z) - Al+lg(z)—Bl| = alz)+8(z) = ¥(z). we know from e

previous theorem that the sum of two infinitesimals is again an infinitesimal.
So we proved this part of the theorem.



