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(
𝐸

𝑐
)2 − 𝑝2 𝑖𝑠 𝑖𝑛𝑣𝑎𝑟𝑖𝑎𝑛𝑡 

Exactly: 

(
𝐸

𝑐
)2 − 𝑝2 = (𝑚𝑐)2           (1) 

As 𝑝 is equal to 
𝑚𝑣

√1−(
𝑣

𝑐
)

2
, it follows 

(
𝐸

𝑐
)

2

−
𝑚2𝑣2

1 − (
𝑣
𝑐

)
2 = (𝑚𝑐)2 ⇒   𝐸 =

𝑚𝑐2

√1 − (
𝑣
𝑐

)
2

        (2) 

And for the observer O ' 

𝐸′ =
𝑚𝑐2

√1 − (
𝑣′
𝑐

)
2

        (3) 

Substituting 𝑣’ in terms of 𝑣 and 𝑢, that is 

𝑣′ =
𝑣 − 𝑢

1 −
𝑣𝑢
𝑐2

 

𝑣′2
=

𝑣2 + 𝑢2 − 2𝑣𝑢

(1 −
𝑣𝑢
𝑐2 )

2         (4) 

1 − (
𝑣′

𝑐
)

2

= 1 −
𝑣2 + 𝑢2 − 2𝑣𝑢

𝑐2 (1 −
𝑣𝑢
𝑐2 )

2 =
𝑐2 +

𝑣2𝑢2

𝑐2 − 2𝑣𝑢 − 𝑣2 − 𝑢2 + 2𝑣𝑢

𝑐2 (1 −
𝑣𝑢
𝑐2 )

2

=
1 +

𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

(1 −
𝑢𝑣
𝑐2 )

2       (5) 

Substituting (5) in (3) 

𝐸′ =
𝑚𝑐2

√1 − (
𝑣′

𝑐 )
2

=
𝑚𝑐2 (1 −

𝑣𝑢
𝑐2 )

√1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

              (6) 

(6) is the (a) solution. 

 

Let's see part b): Reduce the expression 
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(
𝐸′

𝑐
)

2

−
𝑚2𝑣′2

1 − (
𝑣′

𝑐
)

2         (7) 

From (1) we know that (7) is equal to (𝑚𝑐)2. Let's see it. 

Substituting (6), (5) and (4) in (7): 

𝑚𝑐 (1 −
𝑣𝑢
𝑐2 )

2

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

−

𝑚2 𝑣2 + 𝑢2 − 2𝑣𝑢

(1 −
𝑣𝑢
𝑐2 )

2

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

(1 −
𝑢𝑣
𝑐2 )

2

=
𝑚2𝑐2 (1 −

𝑣𝑢
𝑐2 )

2

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

−
𝑚2(𝑣2 + 𝑢2 − 2𝑣𝑢)

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

=
𝑚2𝑐2 (1 +

𝑣2𝑢2

𝑐4 −
2𝑣𝑢
𝑐2 ) − 𝑚2(𝑣2 + 𝑢2 − 2𝑣𝑢)

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

=
𝑚2𝑐2 (1 +

𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2 )

1 +
𝑣2𝑢2

𝑐4 −
𝑢2 + 𝑣2

𝑐2

= 𝑚2𝑐2 

This is, the simplest way of 𝐸′2 − (𝑝′𝑐)2 = (𝑚𝑐2)2 


