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1
> — _ proved via a contour
2n=171 gy P

integral

1.1 Introduction

I first encountered this method many years ago while reading Frederick Reif’s “Funda-
mentals of Statistical and Thermal Physics”. In that book, they derived the following
result using contour integration:

[e.o]

3 % - 79T_0‘ (1.1)

n=1

Let us explain the method. It employs the fact that the function

1
tanmz

has simple poles at all integer values. Indeed, tan 7z is linear near n and its derivative
there is +, so that near n. This suggests that we have the expansion about z = n:

1 1
= + - forneZ. (1.2)

tanmz  w(z—n)

This allows us to write



o0 o0

1 1 1 1
>t e s 3)
—n n127r7, 24 (z—mn) T2 o 2*tanmz

where the contour C| is a circle surrounding the point z = n and contour C'is defined in
fig (a).

' C C’ C
< Y 7 < = < Ny W7 < > o
> J 1\ > — > AN > - VYV
hoel > Yo
(a) (b) (c)
Figure 1.1: .
We have

(o) 1 (e} 1 —001
3 = Yy

1 1
= —% ————dz (1.4)
2i Joyor #Atanmz

where the contour C' is defined in fig (a). We complete the path of integration along
semicircles at infinity (see fig (b)) since the integral around them will be to zero. Since
the resulting enclosed area contains no singularities except at z = 0, we can shrink this
contour down to an infinitesimal circle C; around the origin (see fig (c)). So that

1 1 d
Z_:ff_;L_ (1.5)
nt  4i Jo, 2t tanmz

We expand the integrand in powers of z about z = 0 and isolate the 27! term. We get



1 1
ZAtanmz 24[7TZ+%7T323+%7T525—|—-~-]
1

A7l 4 5222 + Erizt -]

1 L oo, 2 44 L oo, 2 44 ’
= %[1—(§7rz +1—57Tz o+ §7TZ +1—57rz B B

B 2% 3
152 9z
3
Hence (1.5) becomes
1 1 3 m
o= (o) =) = = 1.7
;7# 5 WZ)( 45) 90 (1.7)
giving (1.1).
0

Obviously the technique can be generalised to the case where

=1
> — (1.8)
n=1

with

o0

1 1 d
PR (19)
n?k  4i Jo, 2?*tanmz

n=1

We could compute the residue using the formula

Res[f(2)] = - lim o[z — )" (2)] (1.10

(m — 1)' z—z0 dzm—1

Alternating sums

We can also do sums with alternating sing. For example:



i (7_7/21]371 (1.11)

n=1

It employs the fact that the function

sin 7wz

has simple poles at all integer values but with alternating sign. Indeed, sin 7z is linear
near n and its derivative there is (—1)"7, so that near n. This suggests that we have the
expansion about z = n:

1 —-1)"
, = (=1) + - forne 7. (1.12)
sintz  7w(z—n)

This allows us to write

(-1 K1 7{ dz 1 7{ 1
— —1)" =— ¢ ——d 1.13
Z n2k ; 2mi Cn( ) (z—mn) 20 Jo ztsinmz © (1.13)

n=1

where the contour C| is a circle surrounding the point z = n and contour C'is defined in
fig (a).

The argument goes through the same as before, and we obtain,

= (-1 dz
_ 1.14
Z nk 4 j{C 22k sinmz (1.14)

n=1

1.1.1 Computing Riemann Zeta function for even integers

The Riemann Zeta functon is defind as follows:

ini (1.15)

The first few examples are



=1 B w2 2
2) = — = (=1)?%(2r) =2 — 2B = —
=1 B 2374 4
4 — — =(=1 3 9 4 4 —_ QB _
C( ) nzzl n4 ( ) ( 7T) 2(4)' 4! 4 90
=1 B 2676 2
6) = — =(-1D*en)f—=-=="_RB = 1.16
<(6) ;nﬁ (=1)7(2m) 2(6) 2.6 ¢ 9045 (1.16)
where B, are the Bernoulli numbers.
Recall
=1 1 dz
 — " 1.17
; n? 4y j{Co 2%k tanz (1.17)
1 ) dmfl -
RGS[f(Z)] = (m _ 1)' ZILH;O dzm—1 [(Z - ZO) f(Z)] (118)
So that
=1 1 dz 1 11 1 oz
L O I e S —[ ] 1.19
; n? 4 7400 2%k tanmz 42'( i) (2k)! 200 422 Ltan 7z (1.19)
. . . . x w B
The generating function for the Bernoulli numbers is 1= Yoo —Ta:” We have
et — "= nl
r coth S EeijLiei
22 —e 2
et +1 x +x x+i3nn (1.20)
2e* —1 e—-1 2 2 — n!

Using B, =1, B, = —%, and that By, , =0 for £ > 1, we have

T T ~. B
_ 2n_ ..2n

n=0

That x cot(x) = (iz) coth(iz) implies:



= 4"(-1)"B

rxcotx = Z W[EQn (122)
n=0 ’
So that
— (-1)"(2m)™"B
Tz eot Tz = Z (=1) ((2::))1 2n 20 (1.23)
n=0 ’

Utilizing the relationship expressed by Equation (1.23), either through the process of

dividing it by 72%**! and extracting the coefficient of 2!, or by using this in (1.19), gives
the result:
o0
1 1)F+ (27)2% By
- — 2 . 1.24
; nZ SRRETET] (1:24)

This is the final result for the Riemann Zeta function for even integers. Up to now, there
is no closed form for odd integers known to man (our complex contour integral techniques
cannot be applied to the case of odd integers).

We have the Dirichlet eta function

n(2k) = (_;72;:1 (1.25)

and

e~

(- 1 7{ dz
= — —_ 1.26
Z n2* i Jo, 22Fsinmz (1.26)

and

(=" 1 j'{ dz 1 L1 e
_ — — (-9 li 1.27
Z n2k 4i Jo, 2%k sinmz 42'( i) (2k)! 210 dz2k [sin Wz} (1.27)

n=1

The Dirichlet eta function is related to the zeta function:

w =3 2y L =Tl (1.28)



Comparing (1.27) and (1.19) and from (1.22), we have an expression for csc(z) in terms
of the Bernoulli numbers:

2227 = D(=D)"B,, s,
reser = Z ) 2n 42 (1.29)

n=0

1.2 Summing over odd integes - alternting sums

1.2.1 Liebniz formula for =«

We'll evaluate the sum:

ni

Z 2n_1 (1.30)

n=1

We consider the sum

- )ksin—

Z Z Qk (1.31)

k=1 k=1

I will express the sum via a complex contour integration. It employs the fact that the
function

. Tz
sin —
2 (1.32)
sin mz
. . . T2
has simple poles at all integer values except when sin — = 0.
This allows us to write
k
o (—1)k sin 1 sin 2
> S el
— k 4i o, zsinmz
1 1
8i Jcy 2 cos —

11



where the contour Cj, is defined in fig (c).

1 B 1
Tz 1 7222
Z COS — 14— o
92 z ( + ST + )
S
2 8
1
z
So that
k
— k 8i Jo »cos 2 81
So that
T ] 1 N 1 1 N
4 3 5 7
This is the well know Liebniz forumla.
We'll evaluate the sum:
S o
“—~ (2n—1)°
1 —_—
23 cos =

w2z
= —(1+
_ .7,
3 82

So that

12

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)



0 1\me1 1 1 1 2 2
- len— ) tJe 23 cos — t 8 3
and so
= (-t
~ = T 1.40
; (2n—1)3 32 ( )
Example

Considr the sum

fky=Y" (27(;_1—)17;;“ (1.41)

n—=

for k=0,1,2,...
o n 1 1 1
= —d 1.42
nz:l 2n — 1 L g O »2k+1 Cos% © (142)
1 dmfl -
RGS[f(Z)] = (m _ 1) zh—>nzlo dzm—1 [(Z - ZO) f(Z)] (143)
So that
= )t 1 dz 1 1 d* 1
= — —— = —(—2m li 1.44
; 2n — 1 T %Co 22+ cos 10 4i( ™) (2k)! 220 2 cos %Z e
There is the expansion
_ - (_1)nE2n 2n
secr = Z Wﬂ& (1.45)
n=0
where I , is the nth Euler number. So that
Tz . (_1)n(7r)2nE2n 2n
sec - = Z 17(2) 2 (1.46)

13



> n 1 1 1 d2k 1 (—1)k(7T)2k+1E
= 2 li = 2k 1.47
2n - 1 Gn—npn gl ) g g | e (2k) 14+ (1.47)

n=1 5

The first three Euler numbers are E, = 1, I/, = —1, E, = 5. So, the first few examples
are

TL

J0) = Z 277,—1 EEOZZ

n

Il
—

— (=" g By,
J) = ;(Qn—1)3 = UmEnE T 5
= (=) 5 5 B, 7° _ b7?
/@) = nzlm = U™ s T 5367 T 1536 (1.48)

1.3 Summing over odd integes - non-alternting sums

We'll evaluate the sum:

> ﬁ (1.49)

n=1

We consider the sum

> 1 1 X1
2o E T Lw X
— (1_2—;)2% (1.50)

For more general computations we can use the following

14



o TN

io: 1 io: sin >
Gt = =)
—1)2k k
— (2n —1) — n
. o T2
1 sim- —
= ——= ¢ ——d
4i Jo, 22 sinmz -
1 1
8i Jey 22617 cot -
1 1 Rl wz
= ——(—2m li tan — 1.51
512 T I e (151)
comparing this with (1.50), we obtain
(e}
e & ()RR - e By,
tan —~ = > ol 2L (1.52)

1.4 Generalising

1.4.1 Additional poles away from the origin

Example:

A simple example of where there are simple poles aside from the origin

(1"

n? 41

[e's)
n=1

_lj{ dz
i Je (

22+ 1)sinmz

n

1

(=1

24

>

n=1

3

where C| denotes the contours around all simple poles.

. Counsider the sum

(1.53)

(1.54)

We will need to evalute from the polos z = 0,4, —i. The residue at z = 0:

15



(224 1)sinmz ma(l—in22 4.0
1 1
= (1—224+..)—(1—=7%224...
( 2"+ >7rz< 67T z5 4+ )
- + (1.55)
= — )
So that
= (=) 1 (1 1 1
— (=92 il
;n2+1 7T T S T orem
1 ™
= -1) 1.56
2 <SiIlh7T ( )
Example:

Consider the sum

3 95;1_)”4. (1.57)

(1)

The
422 -9
can deform the contour as shown if figure . Again we see that evaluating the sum amounts

to performing

has simple poles at z = —3/2,3/2. It has simple poles on the real axis. We

— (- 1 d
S (1.5%)
f=dn? =9 4di Jg, (42 — 9)sinTz

We will need to evalute from the polos z = 0,3/2, —3/2. The residue at z = 0:

1 1 1
= —Z (1 24 ...
(422 — 9)sin7z 9( Tt )(71’2(1—%71’222—}- ))
1 1 1
= (122 ) = 1= 2%
9< + =27 + )wz( 67?2 + )
1
- 4. 1.59
97rz+ ( )

16



So that

i (—1)™ 1( o) L. 2 2
£ dn? — 9 4i 97 13sing  —13sin %

2
s 4

= — + —. 1.
18+13 (1.60)

1.4.2 Generalising summing over symmetric function - alternat-
ing sums

The expression (3.5) can be used for general sums of the form

> ()" f(n) (1.61)

n=1

where f is an even function. Viz

> 1 : 1 . dmit m [z
S (i) = g2 Y oy B e | (62

where m, is the order of the pole at z = m,.

1.4.3 Generalising summing over odd integers of even function
- non-alternating sums

The expression (1.52) can be used for general sums of the form

> fen-1) (1.63)

where f is an even function.

Tz

S fen—1) = —é(—m)z : Y im T [ - ) () tan =l e

m, — )l 2=z dmi—1

where m, is the order of the pole at z = m,.

17



1.5 Derivation of partial fraction expansions for trigono-
metric functions

It isn’t just the infinite sum of constants we can evaluate, we can also evaluate the infinite
sum of a sequence of functions. As a first example of this, we derive the following partial
fraction expansions for trigonometric functions:

(a)

1 [ee]
7TCOt7T:L‘=;+2$Z$2_n2 (1.65)
n=1
(b)
LSO B N Gl U
7rcsc7mcsz+n ; Z —n2 (1.66)
n=1 n=1
(¢)
TR S 1.67
TTCSC X = Zm ( : )
n=1
(d)
- 2n+1
wsecnr = Y (—1)'———— (1.68)
; (n+ 3)% — a2

TtanTx = 21’2 % 3 (1.69)
Proof of (a):
1 1 1 dz
249 S 0
x+ w; %2 —n? a:+ x4z (2?2 — 22) tan Tz
1 1 1 1 1
= 42X —(—2mi - -
x e 4@'( i) {—a:%r 2rtanmr —2xtanm(—x)
= mcotmz. (1.70)

18



Proof of (b):

Same as (a) but with sin 7z instead of tanwz.

Proof of (c):

Proof of (d):

- L 2n+1
;(_1) (n+3)% —a?

Proof of (e):

By part (a), we have

1

1 1

dz

o, (22— 2%)tan7z

1 1( 2i) 1 Y d 1
—(=2mi) | — im
2 2 T2
: d 1
—7m lim —
z——z dz tanmz

z——z dz tanmz

7T2 CSC2 .

(1.71)

2n+1

_1)n(2n +1)2 — (22)2

n

. ™
o n s ——

—4 Z(—U”F@iy

n=0

1

4
44 7{@ [22 — (2z)?]sin7z
1 z

8t Je, (22 —

. TZ
Z s8I —
2

dz

dz

(2x)?] cos %Z

2x
4x cosmx

—2z
—4x cos(—x)

—i.(—27ri) {

27

T Sec ma. (1.72)

19



1 1
23:27127 = — —mwcotnx

— 72 T
1 1
— (2x x
> 1
8x
; (2n 4+ 1)2 — (22)2
> 1 > 1
g2y —— 8y —
* ; n? — (2x)? x; (2n)? — (27)?
= 1 e 1
82y 8-y
xnz::lﬂ?—@x)? x4nz::1n2—a:2

1 1
2 (— — 7 cot 27rw) — (— — ’/TCOt?Tl’)
2 T

7 (cot mx — 2 cot 2mx)

cos?wx — sin? 7wz
m | cotmr —2

2s8in mx cos T
Ttan . (1.74)

- 1
&E; (2n 4+ 1)2 — (2x)2

1 1
= —8r— dz
8i Je, [22 — (2)2] cot %Z

w4

tan —
= _27{ —yde
i Jo, 2 — (22)?

x L [tanmx  tanw(—2)
— T
i 7”’){ PR —
= mtanmz. (1.75)

20



1.6 Some infinite products

We have the well known formula:

0 2

. T
smx:x” 1-— )
n’m

n=1

Proof:

From the partial fracton expansion of cotwx, we have:

o0
COoS T 1 1
: - —+2$Z 2 2.2
sin x T T2 — n?m
n=1
2z
o0 —
1 2.2
T
n:ll_
n2m2

From which

implyng

sinaU:C’xH(l— 5 2)
n2mw

n=1

That lim, _,sinz/x = 1, implies C' = 1.

There is another well known product

coss =TT (1 (=)

Proof:

From the partial fracton expansion of tan 7wz, we have:

21

(1.76)

(1.77)

(1.78)

(1.79)

(1.80)



sin x 1
_ - _9
CoS T I; (n—1/2)*n% — 22
2x
>, _ 2.2
=y (n 1/2) i (1.81)
x
n=11] —« —
(n—1/2)%n2
From which
d = d z?
- cosT = nzl - n (1 — nw) (1.82)

implyng

cosT = (JI":[1 (1 - HW) (1.83)

That lim__ ,cosz = 1, implies C' = 1.

We can use our summation trick can sometimes be used to evalute a given product.

Example:

flz) = xlf[l (1 - nff;) . (1.84)

Let us take the logarithm and the take the derivative

d I ¢ d z?
I fla) =+ }_[1 - In (1 n47r4) (1.85)
which converts it into a sum
473
f'(x) 1 S  pigd
5 == + 2 — (1.86)
-  pArd



which simplifies to

i =% ()

From which we have

f(rx) 1 5 o 1
=——4 — 1.88
: f(rz) x * ; nt — x4 (1.88)
Which can be written as a complex contour integral:

d l 1 dz
— In f(rz) = — — 42®—
e (mx) . x

1.89
4i Jo, (24 —ot) tanmz (1.89)

There are poles at z = x, 1e™™/?, xe’™ xe'™/2. 24 — 2t = (2 — 2)(2 — 2e™/?) (2 — &2 (2 —

e'™3/42). We evaluate (1.89) to obtain

d l 1 1 1
dx In f(me) = Tz 4IBE(_27H) {—ZE47T * 223(1 — €i™/2)(1 — e™3/2) tan 7
1
+2x3ei”/2(e”/2 —1)(e™/2 — i) tan (e 2x)
1
+26”I3(6i” — €i™/2)(eim — €im3/2) tan (e )
1
+26m3/2x3(6m3/2 —1)(ei73/2 — ¢im) tan 7 (e3/2z) (1.90)
We will choose [ = 2. Then
d T e eim/2
du n f(me) = 2 [tanw(eimz) | tanw(zei™/?)
i (im3/2
tan (e x) T an 7(e™3/2x)
(1.91)

We have

23



d 1(d d d . d ,

_ B — im/2 3 i : im3/2

o In f(rx) = 5 {d Insin |rx| 4+ o Insin[e"™?|7z|] + o Insin[e'"|7z|] + o Insine \Wx\]]
(1.92)

So that

1 , . .
f(rz) = Cexp {5 [Insin |7z| + Insin e™/?|7z| + Insin e |7z| + Insin e™/2|rz|] }(1.93)
and

f(mx) = C [sin]|mz]] - sinfe’|mz|] -sin[e™?|ma|] -sin[ei”3/2|7rx]]]1/2 (1.94)

Using this in (1.84)

3 1/2 oo
. 2k
C kl_[osmﬂa:e 1 ]] x2H( n47r4) (1.95)

n=1

Using lim,_,sin[Az]/z = A, we have

— e E23] — g — (1.96)

Therefore

0 4
sinzsinh z = 22 H (1 — f 4) . (1.97)
nim
n=1

This can be checked by refering to the tables:
http://www-elsa.physik.uni-bonn.de/~dieckman /InfProd /InfProd.html

where they state

i2km

_ i—[ sin[rae ] (1.98)

i2km

kr — b” i Sin[mbe ]

k=—00

24



Example:

Consider the more general case:

22k
= H
n2k7r2k

Let us take the logarithm and then take the derivative

.CEQk
—lnf :—+H ( W)

which converts it into a sum

Qkakfl

f'(x 1 | T ke
- — __ n=mer

f(x) 2 — 2k
A\l n2k2k

which simplifies to

f! l L~ 1
=S ()

n=1

From which we have

f! l e 1
R M o)

n=1

Which can be written as a complex contour integral:

d [ 1 dz

—1In f(mx) = — — Qkx%l—?{

dx J(mz) x 4i Jo (22F — z%) tanmz
There are poles at z = x, ze'™/2F 1e?m/2k geimd/2k  peim(2k=1)/2k

25

(1.99)

(1.100)

(1.101)

(1.102)

(1.103)

(1.104)



' L2k _ 2k ' E(Z% — 2?F) -
lim ——— = lim o lim 2kz = 2kx*"""e (1.105)
z—xe Z%Zq Z—=T 2k z—xe 122712(1 ( i2ﬂ'Q> 122712(1
—(z — 2 z—xe
dz 2k

Using this we evaluate (1.104) to obtain

@ pnn) = o L oy LY o (1.106)
de Y Ty w Y| = oo 2kr*~1tan C:at)) ‘
We will choose | = k. Then
Ci 1 2k Ci i2mq
o In f(rx) = 5 L:ZO %lnsin[egkhrx]]]
(1.107)
So that
= )
f(rz) = Cexp {5 [; In sin[el;i;qhm:H] } (1.108)
and

(1.109)

2%—1 1/2
i2mq
sinfe 2r |mz|]

Using this in (1.99)

2%—1 _ 1/2
c|1] sin[eak\xH] = 2 H ( n%ﬂ%) (1.110)
q=0

Using lim_ ,sin[Az]/z = A, we have

26



¢ T fein (k1) = | /(— )21 =, (1.111)

Therefore

n—1 1/2 2k
i [ sinfe \QTHI =" H ( n2k7r2k) (1.112)
q=0

which is in agreement with (1.98)
0

In actual fact, we can derive (1.98) for even and odd powers of n using the result we have
just obtained.

Proof:

For even powers:

2
[oe) o0
n2k _ 2k 22k n2k _ 2k
l l 2% % ok H 2%k 2%
n= -y Yy n= —y

n=—oo

- e A (1.113)

For odd powers:

27



n=—oo

n2k+1 _ y2k+1

00
n2k+1 _ $2k+1 ZL’2k+1

n2k+1 _

[ee]
2k+1 2kl 2kt

2k+1
yk-f—

n=1

.T2k+1 HZOZI (

n2k+1 _ y2k+1

_n2k+1 _ y2k+1
n=

4k+2
n4k+2 )

2k+1 Hn 1 (

4k+2
n4k+2 )

127q

IT,5%" sin[eis[a]]

i2mwq

IT,5" sinfeit+2 y|]

1272q 2 i2m(2q+1)

szosm[e%+2 |z|] quosm[e w2 |xl]
= 2k 12mw2q 2% 127 (2g+1) (1114)
\ [ sinfews[y[] [T, sinfe— = |y
We have
2k
. 127 (2q+1) . 27 (2(2k—q)+1)
Hsm e w2 |x|] = Hsm[e w2 |x]
q=0
2%
. —i2w(g+1)
= Hsm[e k1 |zl
q=0
2k
. 27 (2k+1—g—1)
= Hsm[e AT |z]
q=0
2k )
= [[]sinfe>+ |z (1.115)
q=0
Using this in (1.114) we obtain
2kl 2k+] B k sm[e?ziiql\xﬂ
n2k+1 _ g 2k+1 - (1‘116)
n="s0 46 Sin[e3et [y]]
O

Example
Let us take an example from:

http://www-elsa.physik.uni-bonn.de/~dieckman /InfProd /InfProd.html
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of:

i~ a b sinh[m\/y/a +b]sin[r/\/a — b]
IH (1 (B2 +0) ) Va1 b2 [Vor] : (1.117)
Proof:
Set
ren =TI (1 s .,
then
b
I
T (R +y)?
Sy
= £ (77,2 +y)2 —
1 dz
- _E% (22 +y)? — z]tanmz
= —i(—Qm') S S 1
v =97 2=y + Vayatanny/—y + vz
1
_QWﬁtanw\/W
— —%% In(x — y2) + % In sin[wm] + % In sin[wm]
(1.119)

This implies

flz,y) = ) = sin[m\/ —y + V] sin[my/ —y — V] (1.120)

r—y

where ¢(y) is a yet to be determined function of y. We have

1= f(0,y) = ‘q_(—fy) sin®[miy] (1.121)
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So that

o) = y  sinh[my/v/Z + y|sin[1//z — Y]
f(@.y) x —y? sinhQ[W\/@] '

Example
Let us take an example from:

http://www-elsa.physik.uni-bonn.de/~dieckman /InfProd /InfProd.html

of:
| < ”n_l ; i2km
kl__[w (1 Tt b)”) = csc[br] kl_[Osm [w <b —ae )]
Proof:
Set
e =11 (1= 55
then

kxk_l
9 o (nty)t
%f(x,y) = n—z:oo—xk
(n+y)*
* — Lk
- HZZOO (n+y)k — b
- —kak! —kgh-1
= +
_ —kak1 —k;xk_llj{ dz
yk — ok 2i Joio [(2+y)F — aF] tan 7z
_ —kat! _ p L dz
T oyk ok . ; k_ ok
yk —x 2i Jo, [(z 4+ y)k — ¥ tan 7z
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(1.123)

(1.124)

(1.125)



Note that it is not an even function of n. There are poles at z = —y + ze™/* —y +

ze? kg 4 xeBh L —y 4+ ze'DT/k Note
k_ ok i[(z—l—y)k — z¥]
lim —(Z ) = lim dz
127q ZQﬂ-q 121q
z—>—y+$e_k_ z + y z—— y-}—a:e_k_ di(z + y _ x’LQTCQ)
z
— lim  k(z+y)* " = ket e 7 (1.126)
z—>—y—|—a:ez_kH
Using this we evaluate (1.125) to obtain
0 —kat! 1 1 ! e F
T nflry) = — b S (—2mi) | |
O f(z,y) Yk — ok 21( ) (y* — 2F)m = ka1 tanﬂ(eﬁ%x —y)
(1.127)
Then
k—1
a a i27q
p In f(x,y) = 2 Ep In sin[w(eQTx —y)] (1.128)
Implying
k-1 .,
f(x,y) = gy) | [ sinlr(e ™ z - y)] (1.129)
q=0
where g(y) is a yet to be determined function of y. We have
1=£(0,y) =gy Hsm Y| (1.130)
So that
k-1 3
f(z,y) = esc*[my] H sin[r(y — e * )] (1.131)
q=0

31



Other examples from:
http://www-elsa.physik.uni-bonn.de/~dieckman /InfProd /InfProd.html

I suspect can be derived via the above methods include:

= c N Vbre/vh bt
(e s) T[]
d 1)ke _ 2vb+ /b avb+c] . Vb + ¢
kl;[l ( ak? + b) ol [71’\/5/\/5] cosh { NG ] sinh { NG ] (1.133)
o Sty bsinh |\/v/a +b| sin | 3v/v/a — b) ‘ TR+ b
g ( (k* +0)? ) N 2 sinh [%Eﬂrcosh [”Tbﬁr o\ 2
+cos |7 ”a+262_b (1.134)
ak? cos[mv/a — 4b] — cos[m\/a
1;[ <1 " (k2 ‘]'{‘ b)? ) [ 251nh[3r\/5]2 [ | (1.135)

I leave this for an exercise for the reader.

Maybe the reader can come up with forumla that are not on the list!

1.7 More general summations with additional poles
away from the origin

1.7.1 Sums of rational polynomial fractions with even powers of
n

Consider the sum

(1.136)




where bi#aj foranyi=1,...,Norj=1,...,Mand a, #0fori=1,...,N. In order
for the summation to converge we require N + 2L > M.

- Hjj\/i1(n2 —b;) 1 Hj]\/i1(22 - bj)
Z _

- dz 1.137
n?t Hf\; (n2 - ai) 4i Cs Hi]il(22 - CLZ-)ZQL tanmz ( )

n=1
The integrand has a simple pole at z = 0 and has simple poles at z = =a, for all

1=1,...,N. As

P(z) _ Hjj\/il(ZQ - bj)
2Q(2) 2L (2% — ay)

(1.138)

is a rational proper fraction, it can be decomposed into

N
ot = D e s ) !
(1.139)
where k; is the multiplicity of the root ,/&; (and the root —,/a;). We have
A, = Res[P/z*"Q,+/a;] and B, = Res|P/2*"Q,+,/a). (1.140)

These are given by the explicit formulas

1 i
A= lim L
i (&, — 1) ey d2k !

[(z — \/aj)kiLz)} (1.141)
and

1 : kit . P(2)
o= G d VT s (1.142)

We can write down an expression for the sum (1.136):
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00 M 2 M
Z [[;2:(n* =) o Z B, — A, n 1= ba( 1)M+N+L+1(27T)2Li (1.143)
2L Hif\il(nz _ &i) tan, /a; HJ 1, 2(2L)! ‘

where we have used (1.23) to evaluate the pole at z = 0.
When Q(x) has simple roots

The formula is more simple when Q(z) has simple roots. In this case

P(x) _ = P(\/a_l) 1 C, G Cyy,
xQLQ(x)_Z-Zl%L /(\/oTa:—a ZZ LQ x+a+?+§+”'ﬁ (1.144)

and the sum is

- inl(nQ _bj) - . P(\/a_i) 1 Hj\/llba MAN+L+1 921 B2L
; 2L [TV, (n2 — a,) N ;Q(\/_)a tanﬂ\/_ H] ) Z( D (2m) 2(2L)!
(1.145)

1.7.2 Sums of rational polynomial fractions with even powers of
n - Alternating sums

Consider the sum

i VG (1.146)

- nQL [T (n* —a,)

where b; # a; for any ¢ or j.

= (= nijl(n?_bj) 1 Hjj\il(’z?_bj)
Z _

— _ =5 2 Lz (1.147)
n=1 1 H ((n? —a,) o, [ (22 —a,)2* sinmz
We can write down an expression for the sum (1.146):
00 n M 2
J 1(n _bj> _ EZ — Ay HJ 1 J( 1)M+N+L+1(22L71_1)(27T)2L By,
n=1 n2L (R —a,) —~ sin 7T\/_ H] 1% (2L)!
(1.148)
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where we have used (3.5) to evaluate the pole at z = 0.

Again, the formula is more simple when Q(z) has simple roots, and the sum is

= (=1)" Hjﬂ/i1(n2 - j) . al P(\/a;) 1
nz:; n2L TV, (n2 — a,) ; Q'(\/a;) af sin,/a;
+g§\;1 ii (_1)M+N+L+1(22L71 _ 1)(2W)2L%
(1.149)
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Chapter 2

Inverting Fourier series

The technique could be used to sum up a series of functions, and not just constants.

2.1 Reminder of Fourier series

Recall that the formal Fourier series of s is given by

s(z) = Z ¢, € = % + Z a,, Cos 2N + Z b, sin 2wnx

n=-—00 n=1 n=1

Fourier series for interval —% <z< %
s(x) = f: a, cos 2mn + Z b, sin 2mna
- n=1 " L n=1 " L
Using
L2 LG Hm#0
cos 2mma cos 2rnxdr = 2 m,n 1 m7
—L)2 0 itm=0
L/2 L f
sin 2mma sin 2rnxdr = 2 6’“’” 1 m 70
_L)2 0 itm=0
L)2
/ cos2mmax sin 2mnxdx = 0 for all m and n.
—L/2
we have
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1 L2
a, = — s(x)dx
0 L/L/?,
2 [F2 2
a, = (cn—l—c_n):—/ s(x) cos LG
L J 1)
2 (12 2
b, = i(cn—cn)—/ s(x) sin "
LJ 1)

If s(—x) = s(x) then the series contains only cosine terms. If s(—zx)
series contains only sine terms.

Fourier series for interval 0 < z <1

> 2mnx > 2mnx
= b si
s(x) nE:1 a, cos — + nE:1 i —
Using
L L .
2rmax 2mnx 20 ifm#£0
— 2 " m,mn
/0 coS 7 CoS 7 dr = {O Fm— 0
L L .
. 2mmx | 27Tnx 20 ifm#0
— 2 "m,n
/0 sin 7 sin 7 dx {O Fm— 0
L
2 2
/ CoS e sin e dr = 0 forall m and n.
0 L L
we have

a, =
2 [* 2

a, = (c,+c_,)= E/o s(x) cos 7r;jjgl:alyc
2 [* 2

b, = ilc,—c_,)= z/o s(x) sin Wlimdx

If s(L — ) = s(z) then the series contains only cosine terms. If s(L — x)
the series contains only sine terms.

In the following example is how I solved the POTW question.
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(2.6)

(2.7)

—s(x) then



Example:

The POTW question asked you to evaluate:

1 <= cos2rkx
= > — (2.8)
k=1
for0 <z <1.
We will evaluate the sum:
1 & 4 COS 2Tk
= Z(—l) Tz (2.9)
k=1
for —% <z< %, and then at the end make the shift z — z — %

I will express the sum via a complex contour integration. It employs the fact that the
function

c0§ 2mzx (2'10)
sin mz

has simple poles at all integer values except when cos27zx = 0, as we now verify. First
consider the case where cos2mzx # 0 for z = n,

cos2mzr  cos2mn+ (2 —n)x
sintz  sinwn+ (2 —n)]
B cos2mnx + - - -
(=D)"[r(z —n) — 73 (z —n)> + - -]
~ (e cos2mnx + - - -
(z —n)w[l — 72(z —n)2 + -]
cos 2mnx
= (-1)"— 2.11
(1T (211)
Now consider the case where cos 2wzx = 0 for some z = n,
. cos2mzx . di cos2mzx
lim ——| = |lim zd%
z—n  SInTwZ on sinTz
—2 in 2
= |lim TPRETER) (2.12)
z—n T COSTZ
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So when cos 2wzx vanishes for z = n, there is no pole at n. This allows us to write

R cos 2mkx 1 cos 2mzx
— Y (=1)F = d 2.13
2 k:l( ) k? 272 ]{; 2sinnz (2.13)
We have
1 & , Cos 2k 1 & Lcos2mkr 1 = , Cos 2k
D e e Oy P Do
k=1 k=1 k=—1
1 2
- COS2m2L 1. (2.14)
21% Jo o Z¥sinTz
Integration along infinite semi-circles (see fig 1) vanishes. So that
1 & cos 2mkx 1 cos 2wz
— ) (=1)F = d 2.15
2 (=1) k? 472 7{@) Zsinmz (2.15)

k=1

We expand the integrand in powers of z about z = 0 and isolate the z=! term. We get

1
cos 2mzx 1 — 52222 + - -

Z2€in 7z 2[rz — %W3z3 +--]
1—2m2a222 4. -
271 — %7‘(‘222 + -]
_ 1—27r2x222—}—...(1+éﬂ_222+._.)

27

1 1

z

So that for —

1 & cos 2mkx 1 CcoS 2Tz x
— —1)k = d
2 Z( ) k? 472i 7400 -

22sinmz
k=1

= -~ (2.17)



Finally, we make the shift x — z — 3 to obtain,

1 & cos 2mka 9 1
k=1
for0 <z <1.
O
After having gone through this example, let us write down general results.
First take the case where we have a Fourier series corresponding to the interval —% <z<
Lt
(e}
s(x)= Y (=1)"h(n)e™ (2.19)
then
[ee] e}
s(x) =Y _(=1)"f(n) cos2mnz + > _(—1)"g(n)sin 2mnx (2.20)
n=1 n=1

where f(n) = h(n) + h(—n) and g(n) = i(h(n) — h(—n)). Consider applying the complex
contour integration trick to the RHS of (2.20) in order to determines s(z). This is viable
as the functions f(z) and g(z) satisfy f(—n) = f(n) and g(—n) = —g(n). The success of
this method relies on the vanishing of the integral around the infinite semi-circles, and on
f(2) and g(z) having no branch cuts or essential singularities. Then

47{ f(z) cos2mzx cosszx +i7{ g(z)sianzde‘ (2.21)
t o]

sinmz 43 sin Tz

Now say we wanted to invert a Fourier series defined over the interval 0 < x < 1. We can
take

1 - 1
) = 2 2
s(x+ =) E f(n)cos2mn x—f- ) + E g(n)sin2mn x+2)

2
= Z(—l)”f(n) cos 2mnx + Z(—l)"g(n) sin 2nx (2.22)

40



and perform our complex contour integration trick on this, then make the shift z — z — %
to obtain s(z). Again, the success of this method relies on the vanishing of the integrals

around the infinite semi-circles, and on f(z) and g(z) having no branch cuts or essential

1

singularities. Then making the shift z — z — 3,

43 sin Tz

1 f(z)cos2mz(z — 3) 1 g(2)sin27mz(z — 3)
s(x) = 4 7{@ pra— 2odz + — 7405 2 dz (2.23)

2.2 A Summation Theorem

We consider summations of the form Y7 (—1)"sin(2wnz)g(n) over the interval —1 <

z < 1 where g(—n) = —g(n).

Y
(N +1/2)(—1+1) < $i(N +1) (N +1/2)(1 4 1)
llZ‘N
Ac,
| L L | X
—N—-1]-N -2 -1 1 2 N|IN+1
Y
$_iN
(N +1/2)(~1 — 4) T—i(NH) (N +1/2)(1 — )

Figure 2.1: The square contour C,.

Let ¢g(z) be analytic in C except for some finite set of isolated singularities. We prove that
if |g(2)] < % along the path C,, where & > 1 and M are constants independent of N,
then the integral around C, vanishes. Then we briefly establish a summation theorem.

We start by showing that the value of | sin(27z2) csc(7z)| around the square C, is bounded
by a constant that is independent of V.

We write 2 = X +1Y

41



Case 1: Y > %, we have

sin(2mzx)

sin(7z)

Case 2: Y < —%, we have

sin(27zx)

sin(mz)

6127rzx . 67127rzx

eiwz _ e—iwz

‘6i27rz;r| + |€—i27rz;r‘

‘eiwz‘ _ |6—i7rz‘

‘ei27r$X—$Y‘ + ’6—i27r$X+$Y‘

yemeer ’ _ ‘efiﬂ'X+ﬂ'Y ’

6727rzY + 627rzY

e™Y _ -7y
6Y7T(2$—1) +€—Y7r(2$+1)

1— e—27rY
2 taki 1 < <
P EE———— as we are takin - = T —
1— o2 573 2
2
as we are taking Y > —
1—e" 2
A, (2.24)
’6i27er727er’ + ‘efiZWxXJerer’
‘eiﬁX—wY‘ _ |€—i7rX+7rY‘
6—27T$Y + e27r;rY
efer _ 67rY
67Y7r(2$71) +6Y7r(2x+1)
1 — 627rY
2 i 1
m asweareta1ng—§<x<§
2
as we are taking Y < —=
1—e™ 2
A, (2.25)

Case 3: —% <Y < % We consider z = N + % +14Y". We make repeated use of sin(a+ ) =
cosasin f + sinacos  and cos(a + ) = cosacos § — sinasin 5. In particular we will

use:

1
sin(m(N + = + 1Y

2

We have:

)) = cos(mN)sin(r/2 + irY) = (=1)" cosh(nY)
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sin(2rz(N + 5 +iY))
sin(m(N + 5 +14Y))
| cos(2maN) sin(mx + 272Y’) + sin(2nxN) cos(mx + i2mzY)|
cosh(mY)
| cos(2maN) sin(mx + i27xY’) N | sin(2rzN) cos(mx + i2mxY)|
- cosh(mY)| cosh(7Y")
|sin(rx + 272Y) | cos(mx + 27xY’)
cosh(mY)| cosh(mY)|
| cos(mx) sin(i2wzY’) + sin(7x) cos(i2wzY)| | cos(mzx) cos(i2mxY’) — sin(nx) sin(i2rxY)|
cosh(mY) + cosh(mY)
| sinh(272Y")| cosh(2mxY’)
cosh(mY) cosh(mY)

2rzY _ ,—2mxY |

IN

IN

IN

2rxY + 6—27T;BY

e e e

eer + efer eer + efer
2rxY + 6—27T$Y

e

ey + e~ Y
€Y7r(2x71) + efor(Zerl)

= 4
1+e Y

8er taki 1< <1 d 1
—_— r mg — — —and — <
1—1—677"/2 as we are ta g B X 2& 9

= A, (2.26)

So choose A such that A > max{A,, A,}. Then we have |sin(27zz)csc(mz)| < A on C)y
with an A independent of N. Then

in(2 AM
7{ Mg(z)dz < 7TW(8N+4)
c

sin(7z)

as (8N + 4) is the length of the curve C,,. Letting N — oo we get that the integral
vanishes.

O

This means we have proven the summation formula

oo

Z (=1)"sin(27nx)g(n) = —Res,_ (7 csc(mz) sin(xz)g(2))

n=—00,n#0

— Z{ residues of 7 csc(mz) sin(zz)g(2) at g's poles for z # 0} (2.27)
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for the interval —m < 2 < .

As mentioned, at the end of the calculation we make the substitution z — x — m, thus
obtaining

2 Z sin(nx)g(n) = —Res,_y(mcse(mz) sin(z(x — 7))g(z)) — Z{ residues of 7 csc(mz) sin(z(z — 7))g(z) at

for the interval 0 < x < 27 (we have used g(—n) = —g(n)).

2.3 Inverting Fourier series - Bernoulli polynomials

We consider particular cases of f(z) and g(2).

2.4 Fourier series over interval 0 <z <1

cos(2mnx)

2.4.1 Fourier series > -, o
n

over interval 0 <z <1

We invert

Z(_l)ncos(%mx) (2.28)

n2k

n=1

. Then make the shift z — x — 5

We have

ze*® 9ze*(@+3)
z Z
inh = e —1
sin 5
> 1. 2"

Make the map z +— 272:
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sin 7z —~ 2 n!
From which we obtain
Tz = [T (=) 1 (i2rz)"
S €08 2z = g an(a: + 5) oy
1) (27?) 2n
= Z B, (x —|— (2n)! —t—z
We have
1 11 d** 7z cos2rzx 1 1. (—1)k2r)*
—(—2mi —1i =—-B =)
T e M E 2 Bl 43—
and so
- cos(2mnz)  (—1)F1(2m)%*k 1
_1)” — B -
;( ) n2k 2(2k)! o (T + 2)
1 1 . 1
for —5 <@ < 5. Then make the shift r — = — 5 we finally have
i cos(2mnz)  (—1)F1(2mr)%* ()
= 2k \ L
— 2(2k)!
for0 <z <1.
Note that, for —1/2 <z < 1/2,
= ,cos(2mn)
Z(_l) 2kl 0
n=1

1
by (2.31). Making the shift z +— = — 5 we have

 cos(2mnx)
Z n2k+1 =0
n=1

for0 <z <1.
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(2.36)



sin(27nx)

2.4.2 Fourier series 220:1 over interval 0 <z <1

2k
From (2.30) we have
Tz =1 = (=1)"] 1 (i27z)"
2 = — B Z
sin Tz S ems ;) 2 n(®+ 2) in!
- 1 (_1)71(2”)2”“ 2n+1
= L Bl ) g
n=0
We have
1 1 1 d* L 2 sin 27z 1 1, (—1)k(2mr)*+
—(—2m1 —1i =——B )t
T G M A s 3 Boent @4 3) 50,
and so
= sin(27rne —1)kH1(27) 2+ 1
o n 2(2k +1)! 2
1 1 . 1
for —5 < 2 < 5. Then make the shift z — z — 3 we finally have
= sin(2mna)  (—1)FH(2m)2R !
Z n2k;+1 - 2(2k: + 1)! 2k;+1(f’5)
n=1
for0 <z <1.

Note that, for —1/2 <z < 1/2,
- . sin(2mna)
Z(_l) 2k 0

1
by (2.37). Making the shift z +— = — 5 we have

= sin(27nz)
Z 2k 0

n=1

for0 <z <1.
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2.4.3 Combining the results

We have

By (z) = (=1 ((;:));k Z Cos(sinﬂf)

n#0
B i1 (26 + 1)1 S sin(2mna)
Bypi(x) = (=1) (2w)2k+1z n2ktl
n#0

These, with the use of (2.36) and (2.42), can be combined into a single expression:

k! = cos(2mna) k! X isin(2mn)
B - — _
k(@) (2mi)* Z nk (2mi)k Z nk
n#0 n#0
k! o0 eQm'nx
- = N\ k
(271) porL
Fourier series for monomials
Using the inversion formula, (C.14),
1 (m + 1)
" =—— B, (x)
m+ 1 — k
we have
. 1 (m+ 1) k! 00 eQm'nx
ro=——"" 2 k
m+1 &~ k) (2mi) = "

2.4.4 Fourier series inversion - arbitrary polynomial

Say we were given the Fourier series:
2minx

l 0o e
deZT'
n#0

k=0
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Obviously, the function this Fourier series represents will be a polynomial. Substituting

in (2.46) into 32! a2, we have

m=0 "'m

l " l a, m m+1 k! o 627rin$
2 ant" = _Zmﬂkz( k )(2m’) 2

k
m=0 m= 1 n#0

L a, (m—i—l) kX e2rine
(

o

Nk k
b~ c= m + 1 k 27i) porL
Comparing the RHS of this with (2.47), we have
!
1 m+1 k!
d, = — — .
k mz::kmﬂ( k )(2m)kam
We define
1 1 k!
B, ——— m +
m m+1\ k ) (2mi)k
Then (2.49) reads
Boo Boy Boa By, a, d,
0 By; B, By, ay d,
0 0 By, By, ay | = | dy
0 0 . Ce Bl,l a, dl

As the equation we is in triangular form, we easily solve using back-substitution.

(2.48)

(2.49)

(2.50)

(2.51)

Alternatively, we can write down explicit expressions for the a,’s using Cramer’s rule:

Bo,o Bo,l 30,2 do Bo,z

0 B1,1 B1,2 dl Bl,z

0 0 32,2 d2 Bzz

0 0 e dz B”

a, = i ’
Hj:O Bj,j

(2.52)



where the column of d;’s are in the ¢th column.

2.5 Fourier series over interval 0 < x < 1 and Euler

polynomials

cos(m(2n + 1)x)

2.5.1 Fourier series >~

(2n 4 1)%k
We wish to invert the Fourier series
i cos(m(2n + 1)x)
— (2n + 1)2k
over interval 0 < z < 1. So we invert
= a1 sin(m(2n + 1)x)
Z(_l) 2k
— (2n+1)
1 1 1
for —5 <z < 3. Then make the shift z — z — 3
We write
[o¢] o [o¢]
porSi(r(2n 4+ 1)z) . mnsin(rn)
Z(_l) (2n—+1)% Z( 1)" sin o ok
n=0 n=1
and
in 2= sin(r21)
00 . 1 sin — sin(7zx
Z(—l)” sinﬂism(gl?x) = —.7{ gk . dz
1 2 n 43 z?Fsinmz
1 s
_ 1 7{ bln(ﬂ,z?xr?z &
81 J 42k cos =7
2
We have
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over interval 0 <z <1

(2.53)

(2.54)

(2.55)

(2.56)



cosh z e+ 1
> 1. 2"
— E )=
n=0
Make the map z +— imz:
1 1ITTZT - 1 (ZWZ)”
e = E (x+ 5) o
0037 =0
From which we obtain
1 , 1= (=1)"] 1 (imz)"
2 n=0
o
1 (_1)n7.‘.2n+1
= E, . (x+ B
; 2l 27 (2n+1)!
We have
1 1 d*=% sinrzr 1 1 (—=1)kr?
— (=271 li =-F —)
87,( 7T7/)(2k_1)|zli% dz2k72zcos%z 4 2k—1(x+ 2)(2k—1)'
and so
i(_l)“sim(zwr Do _ (=1 B, (4 1)
g (2n + 1) 4(2k — 1)1 21 2
1
for —3 < & < 1. Then make the shift 2 — x — 5 e finally have
o
2n+ 1 —1)Fn?*
ZCOS?T( n; )lx _ (—=1)*x By ()
— (2n + 1)%k+ 42k —1)!
for0 <z <1.
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(2.57)

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)



sin(m(2n + 1)x)
(2n + 1)%k+1

2.5.2 Fourier series ZZO:O over interval 0 <z <1

We wish to invert the Fourier series

[e.o]

sin(m(2n + 1)x)
nz% (2n + 1)2k+1 (2'63)

over interval 0 < z < 1. So we invert

> cos(m(2n + 1)z
;(—1)" (Q(n(+ 1;k+)1 ) (2.64)

1
for —% <z< % Then make the shift x — = — 3
We write
= Lcos(m(2n + 1)x) - . . mncos(mne)
(—1) Gn DB = > (~1)"sin R (2.65)
n=0 n=1
and
. Tz ()
00 1 sin—-cos(mzz
- Z(—l)” sin @;OSEZTB) = ——,]{ 3 . dz
— 2 n2kt 4i 2?k+lgin 7z
1 cos(mzx)
= —— @ ——2d 2.66
8i 7{ 22+ cog 2 - (2.66)
2
From (2.58) we have
1 [+ (=) 1, (im2)"
7 cosmzr = Z [%_(27)]&1(3: + 5) (”:j)
92 n=0
& 1 (_1)717.‘.271 )
= E )" 2.67
nz:% T+ 3) (2.67)

We have

o1



1 1 . d¥ ocosmzz 1 1. (=1)kg2k
——(—2mi) lim =-—FE, (x+ —)L

(2.68)

8i (2k)! z=0 d2?F (T2 4 27 (2k)!
2
and so
- cos(mnr) (—1)kg2ktt 1
1" = E = 2.69
g( VanrnEa — agr alety) (2.69)
1 1 : 1
for —5 <@ < 5. Then make the shift x — = — 5 we finally have
Lsinm(2n 4 )z (—1)kg2kHt
= E 2.70
z:% (2n T 1)2k+1 4(2]€)! 2k($) ( )
for0 <z <1.
2.6 Inverting other Fourier series
Example:
Invert
inh 1 = (=1
smﬁwa - +2 Z a(2 —|—)n2 (acosnz — nsinnz) (2.71)
n=1
for —m <z <.
Proof:
We invert
2sinh ma o~ (—1)"
s.(x) = a cosnx (2.72)
T —~ a’+n?
first.
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2sinhma 1 a cos 2T
sc(x) = — 5 e dz
7 4i Jo, [a® + 22 sinTz
2sinh ma 1( o) 1 n a cos 1ax a cos —iax
= —— —\—47m) | — . . ;
T 43 ar  2iasinima  —2iasin —ima
sinh 7a
= — + cosh azx.
arm

Next
2sinh 7a = (—1)" ,
s (x) == — - ; g 21 sin na
2sinh a1 zsin zx
ss(x) S — 5 T dz
T i Jo, [a® + 2?]sinmz
2sinh 7a 1 + | tasiniax —ta sin —iax
= (27 | =———— ——
T 4y 2tasinima  —2iasin —ima
= sinhaz.
Finally,
sinh ma
s(x) = — +5.(x) + s,(x)
sinh ma sinh 7a .
= + | — + cosh ax | + sinh az
Ta arm
— eaa:'

23

(2.73)

(2.74)

(2.75)

(2.76)



Chapter 3

Summary of results

=1 2
; — = (3.1)
Cl2k) = 30 o = () s (3.2)

where B, are Bernoulli numbers.

The first few examples are

=1 B 2 2
((2) = 2; = (—1)2<2w>22(22), = n?B, = % _ %

1 B 934 4
0 = S e ==

=1 B 96,6 2
¢(6) = gﬁ = <—1)4<2w>62<6ﬁ), a5 o (3.3)

where B, are the Bernoulli numbers.

The Dirichlet eta function is related to the zeta function:

zni 22 oy = g () (3.4)

We have an expression for csc(x) in terms of the Bernoulli numbers:

o4



o 2(22n—1 _ 1)(_1)n+lB " om
resexr = Z 2n)] n o2 (3.5)
n=0

Liebniz formula for =«

n_

}:2n_1 (3.6)

n=1

Sum over odd integers - alternating case

f: (_1)n_1 o (_1)k(7r)2k+1E2k (3 7)
_1)2k+1 k )
— (2n — 1)+l (2k)14++1
numbers. where £ are Euler numbers. The first three Euler numbers are E, = 1,
E,= -1, E, = 5. So, the first few examples are
Z - 7TEo =7
— (2n — 1 4
= (=) E 3
2 (2(77, —)1)3 = (=) (2')242 %
n=1
= (1" s s B, = 5m°
— = (—1 E 3.8
nz:; (2n —1)° (=1)7r (4)143 T 1536 4 1536 (38)
Partial fraction expansions for trigonomteric functions
t 1+2 53 (3.9)
meotmr = — + 2x .
x x? —n?

n=1
Tl

7rcsc7rx—Z$+n—E z:: —n2 (3.10)

n=1

= 1
2 .2
7° ese szzﬁ (3.11)
“—~ (z+n)
= 2n+ 1
sec = e 3.12
T secTw ;( ) htlp—o (3.12)
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TtanwTxr = 23:2

2 g2

l\')|H

Infinite products

2

[o¢]
sinez =z H —
n2m2
n=1

s =TT (1 T

0 1_4
sin z sinh z = z* 1——=-
n=m
n=1
n—1 1/2 00 k
. . 12mq ‘ |]
(3 Sln e 2k |, H
n2k7T2k
q:O n=1
[e%e) k—1 . i2nm
H nk — ok sin[rxe & |
k - k - H . 2nmw 4 °
n=-—o00 n Yy n=0 SlIl[T('ye k ]

H( ))_ y__ sinh[ry/ Vo +ylsinfry/vz —y]
- (n?+y)?

T — 2 sinhQ[w\/@]
Fourier series for Bernoulli polynomials

The results

cos 27m3:
BQk(x) = (1 k+1 ka

n#0
B pi1 (2k + 1)1 S sin(2rnz)
sz+1($) = (-1 (2m)2k+1 Z n2kt1
n#0

Combined into a single expression:
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(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



k! = cos(2mna) k! X isin(2mn)
B - _
(@) (2mi)* nzio nk (2mi)k nZ#O nk

k! > e2m’na: 391
S (3.21)

Fourier series for Euler polynomials

cosm(2n 4+ 1)z (—1)Fx?*
Y G~ a@h i@ (3.22)

n=1

and

io: sinm(2n + 1)z (—1)k7r2k+1E2k($) (3.23)

L= (2n+ 1) 4(2k)!
for0 <z <1.

Fourier series for monomials

Using the inversion

1 < /m+1
m___ - B 3.24
e (M) (3.24)
we have
1T o= /m+1\ Kkl X e2minz
m_ - . 3.25
v m+1ﬂ< k)@mw%%nk (3:25)
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Appendix A

Fucntions in complex plane

sinz = sinxcoshy 4+ ¢cosxsinhy

cosz = coszcoshy —isinxsinhy

o8

(A.1)



Appendix B

Bernoulli numbers and Euler
numbers
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Appendix C

Bernoulli polynomials and Euler
polynomials

C.1 Bernoulli polynomials

The generating function for the Bernoulli polynomials is

tetx e tn
1= 2 B (C.1)
Explicit expressions for low degrees
By(z) = 1
1
B = x— =
() 2 9
1
B,(z) = wQ—x—é
3 1
By(z) = 2°— §x2 — 5
1
B,(x) = 2*—22°+2* — —. (C.2)
30
Derivatives
We have
e , tn t2 xt
ZO ' (z) ] et—l_ZnB (C.3)



which implies

Symmetries:

o

B (l1-z) = (=1)"B,(z), n>

proof:

We have

Equating coefficient of eams power of ¢ gives (C.5).

We have

Equating coefficient of eams power of ¢ gives (C.6).
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Representation by a differential operator

The Bernoulli polynomials are also given by

B, (x) = " (C.9)

where D = d/dx is differentiation with respect to x and the fraction is expanded as a
formal power series. This follows from:

= D .t D, te®
;7613—1% E_eD—f =97 (C.10)

Representation by an integral operator

The Bernoulli polynomials are also the unique polynomials determined by

/IJrl B, (u)du = z". (C.11)

The integral transform

r+1
T = [ fwn (C12)

on polynomials f. If F(z) = [* f(u)du, then

(Tf)z) = / < Pl

= Flx+1)—-F(z)

= f(x) (C.13)

Inversion



5 Ba(®)
[o¢] Dm
n;) GRS
i n!

()

(m+1)(n— m)!B"*m

1 (n+1)! (2)
nr & (a1 kR
1

n+1 z:: (nzl)Bk(x)'

C.2 Euler polynomials

The generating function for the Euler polynomials is

Symmetries:

proof:

o(@) =1
1
(z) = z— 2
(x) = -
1
J(x) = 2 — 5:103 3
() = 2*—22% + 2.

63

(C.14)

(C.15)

(C.16)



We have

> (-1)"E, (). (C.19)

Equating coefficients of the same power of t gives (C.17).

We have

o0

n=0

N " = tn
Z(—l) En(—x)m +ZOE”($)E

2 6t$ 2 eta:

e*t+1+et+1

et 1
2t$
‘ Lt+1+et+1]

2€t$

(0.] t”

. (C.20)
o n!

Equating coefficient of the same power of ¢ gives (C.18).
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