In[49]:=

In[54]:=

In[55]:=

First we define known quantities

A:=r’-2Mr + a°

z e

r2+ a? Cos[6]?

JT
J := CDiracDelta[r - r0Q] D1 racDelta[e— —]
2
mt := ( A2 (r -ia Cos[e]))-1 i(r*+a®) sin[6]3
alA
Jn := - — Sin[6]* 3]
z

Now for J2, we canignored, since Jmand Jn are independentofit

-A 0 (I a 1 . 2
= ———\ (- ia cos 0)* Jz
/2 24/2 Z(r - ia cos 0)? [ (ar A aw r~ ia cos 6) (- ia cos 0)" Jm

0 i 9 iasin@ \ X (r-iacosf)
2l ——+ J, 2.12
(89 sinf dp r- ia cos 6) A " (2.12)
-A
J2 :=
2 V2 2(r-iacosie)’
faSin
2 |o.1 + e &@((r-iaCos[G])2 JmT) + 2o, + _fasiniél # | s@

r — i aCos[6] r—i aCos[f]

Finally for the integration we need to first look at the definition of the SpinWeighted spherical harmon-
ics.

Since all SpinWeighted spherical harmonics, here denoted sY|m(8,9)=YIs,|,6,¢] behave in the ¢
argument as Exp[i m ¢] and since all other variables are independent of ¢ in the equation above We
have

fY [s,l,m,8,¢]=2 rrDiracDelta[m, 0] Y[s,l,m 6,0]. Then we can integrate over 6.

v LIV DUBILL LUTLILL 1D ERVNLIL U

T (r - i cos 0)? —
2sz(r)=f f ( Gt )2) T Jy 1 Vim sin 0 d0 dy
0 + - F_

We can split the integrand into two parts depending if we have DiracDelta[G - %r] or the derivative
DiracDelta'[6 - 7]

and we will use the standard properties
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ff(.x)d(.r—a)dx: f(a)

ff (x) 6" (x)d x = — [(;—f 5D (x)d x.
o X

First part

(r -ia Cos[o])2
In[56):= =———————oo ¥ J2 Conjugate[Y[-1, 1, 0, 8, O]];
(rp - rm)?

% /. Di racDelta[—n+ 2 8] - 1/.Di racDelta'[—rr+ 2 8] - 0;

7T
FirstPart = % /. 6 » —
2

1

2 '\/E (-rm+rp)
(-8#a CDiracbeltalr-roj+ N2 (21 \2 Cr DiracDeltar - ro]+

Out[58]=

5 5 JT
Y(a -2Mr+r )Conjugate[Y[—l, 1,0, E s 0]]
20 \/E C (a) + r,) DiracDelta[r - rO] +i \/E Cr (a, + r,) DiracDelta’[r - rO]))
Second part
2
(r-iacosie))

in59)= =——————o ¥ J2 Conjugate[Y[-1, 1, 0, 8, O]];
(rp - rm)?

% 1. D'iracDe'I.ta[-rr+2 a] -0/. D'iracDe'Lta'[-rr+2 e] -1
b b
SecondPart =—D[%, 0]/. 8-> — /. Conjugate’[Y[—l, 1, 0, —, 0]] -1
2 2
2i 2 a’ C(a) -2Mr+ r’)Conjugate[Y[—l, 1, 0, &, 0]]DiracDeltalr - ro]

outle1]= — - -
(-rm+rp)

24/2 acC r(a’ -2M r+r))D1'racDe1ta[r—rO] ylmmmwng_1, 1, 0, =, 0]

(-rm+rp)

We get the solution
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nie2l- solution = FirstPart + SecondPart // Simplify

2i4/2 a’ C(a’ -2Mr+ r’)Conjugate[Y[—l, 1, 0, T, 0]] DiracDelta[r - ro]
outl62]= — - -
(-rm+rp)

! (a) -2M r+r’)Conjugate[Y[—l, 1, 0, T

—5,0
2\/_ -rm+ rp) 2’ ]]

(-8#a CDiracbeltalr-roj+ N2 (27 v2 Cr DiracDeltar - ro]+

2§ \/E C (a) + r,) DiracDelta[r - rO] +i \/E Cr (a, + r,) DiracDelta’[r - rO]))—

2 2aCr(a,—zMr+r)D'lracDelta[r—rO]Y (Mmnan-1,1,0, =, 0]

(-rm+ rp)’
Finally, we can simplify the results by using identities for SpinWeightedSpherical Harmoncis

n63= HarmonicRules =

| 3

{v(“”@’O’l’G’){s_, 1,m,6_,¢l->sCot[B]Y[s, 1, m, 6, ¢]- Y1+12-s-s? Y[1+s, 1, m, 6, ¢]-

i Csc[o] V(%% Ys, 1, m, 6, ¢], Y% [s_, 1 ,m_, 6_, ¢ 1-»imY[s, 1, m, 6, ¢,

ConjugatelYls_, 1_, m_, 6_, ¢.11 » (-17™* V[-s, 1, -m, 6, ¢1};
Applying these rules we get the final solution

T
nes- solution /. HarmonicRules /. Y(®:9:9:9 1[ 1,1, 0, O] - 0;

JT

%l {Y[l, 1, 0, —, 0] » -Conjugate[¥[-1, 1, 0, —, o]]} Il Simplify;
2 2

Pr-int["Solut'ion =", %]

2i4/2 a2¢C (a2 -2Mr+ r2) Conjugate[Y[-1, 1, 0, 52' , 0]] DiracDelta[r - ro]
Solution == - +
(-rm+ rp)?

242 acH1+12r (a —2Mr+r)D‘lracDelta[r—rO]Y[O 1, 0 0]

’2’

(-rm+ rp)?

1

2 2 (-rm+rp)?

(—8ia2 CDiracDelta[r - ro]+ 4/2 (2:7 A2 Cr2DiracDeltalr - r0]+2i /2

s
(a2 -2Mr+ rz) Conjugate[Y[—l, 1, 0, —, O]]

2
C(a®+r?)DiracDelta[r - ro] +i V2 cr (a® + r’) DiracDelta’[r - rO]))

Since the solution given in the article (C=1 (é—g) )and (e =

0)
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_ Abp
\/5 (r+ - T..)Z

* [l(r% + a2) _1?_[0 (‘g’, O) 6’("_ ro)

+ {iro 1Yo (%,0) -a[1g+ )] oY (%,0)} §(r- "o)]

Is only quadraticin r, but our solution is at least quarticinr.

2Jlm - [(Mae/ Qo) + 7 S(AO/GO)I/zl

Printed by Wolfram Mathematica Student Edition



