
4 CHAPTER 1. PRELIMINARIES

The sign of Ki can be determined by comparing the action of its non-
relativistic counterpart in an active transformation with the translation op-
erator and using the representation in terms of derivatives:

exp
[
−i(!a !P + !v !K)

]
= exp

[
−i(!a + !v t)!P

]
=⇒ Ki = x0P i = −it∇i

=⇒ [Ki,H] = [−it∇i, i∂t] = −∇i = −iP i

The relativistic definition is then

M0i = Ki = x0P i − xiP0

Likewise, as in non-relativistic quantum mechanics,

Mij = εijkJ k = xiPj − xjP i

=⇒Mµν = xµPν − xνPµ
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1.2 Polarization vectors
∑

λ′

εµ(!0, λ′)!J (j)
λ′λ = !Jµ

νε
ν(!0, λ)

=⇒
∑

λ′

ε0(!0, λ′)!J (j)
λ′λ = !J0

νε
ν(!0, λ) = 0

=⇒ ε0(!0, λ) = ε0(!0, 0) ≡ ε0(!0) describes particles with j = 0.

2εi(!0, λ) = 2δi
kε

k(!0, λ) = !Ji
j
!Jj

kε
k(!0, λ) =

∑

λ′λ′′

εi(!0, λ′)!J (j)
λ′λ′′ !J (j)

λ′′λ

=
∑

λ′

ε0(!0, λ′)j(j + 1)δλ′λ = j(j + 1)ε0(!0, λ) =⇒ εi(!0, λ)→ j = 1

(J3)
i
jε

j(!0, λ) =
∑

λ′

εi(!0, λ′)(J3)
(1)
λ′λ =

∑

λ′

εi(!0, λ′)λδλ′λ = λεi(!0, λ)

=⇒ εµ(!0, 0) ∝ (0, 0, 0, 1)T . We normalize so that εµ(!0, 0) = (0, 0, 0, 1)T .

(J1 ± iJ2)
i
jε

j(!0, 0) =




0 0 ∓1
0 0 −i
±1 +i 0








0
0
1



 =




∓1
−i
0





=
∑

λ′

εi(!0, λ′)(J1 ± iJ2)
(1)
λ′0 =

∑

λ′

εi(!0, λ′)
√

2δλ′,±1 =
√

2εi(!0,±1)

=⇒ εµ(!0, +1) ≡ εµ
R(!0) = − 1√

2





0
1
i
0



 εµ(!0,−1) ≡ εµ
L(!0) =

1√
2





0
1
−i
0





where εµ
R appears with an extra overall sign relative to usual conventions.

We can write the standard boost as L(!p) = R3(φ)R2(θ)B3(ξ):





1 0 0 0
0 cos φ − sin φ 0
0 sin φ cos φ 0
0 0 0 1









1 0 0 0
0 cos θ 0 sin θ
0 0 1 0
0 − sin θ 0 cos θ









cosh ξ 0 0 sinh ξ
0 1 0 0
0 0 1 0

sinh ξ 0 0 cosh ξ






