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T
he

m
axim

um
likelihood

estim
ationsof

and
w

ere
and

.
T

he
expectedfrequencyfor

a
scoreof

8
or

m
ore

w
as

setequal
to

tim
es

156.
T

he
resulting

testsw
ere

notsignificantatthe
5%

-level (
, df =

 3, 
).

p
q

p
=

0.074
q

=
0.101

P (T
5

≥
8 )

χ
2

χ
2

=
3.359

p
=

0.340

H
o

le
3:

T
he

frequencies
w

hich
belong

to
the

variousscores(
)

of
this

hole w
ere as follow

s:
f

n
n

n
3

4
5

6
7

8
f

n
1

2
31

64
40

18

M
axim

um
likelihood

estim
ation

yielded
the

values
and

.
F

orthe
com

putationof
the

frequenciesbelongingto
scores3

and
4

w
ere

taken
togetheras

w
ell

as
the

respectiveexpectedfrequencies.
T

he
expectedfrequencyfor

a
scoreof

8
orm

ore
w

assetequalto
tim

es
156.

T
he

resulting
w

as
not

significant
at

the
5%

-level
(

, df =
 2, 

).

p
=

0.074
q

=
0.101

χ
2

P (T
6

≥
8 )

χ
2

χ
2

=
0.829

p
=

0.661
In

all
these

exam
plesthe

value
of

w
as

not
significant,w

hich
of

courseis
in

favourof
the

m
odel.H

ow
ever,thesefavourableoutcom

esm
ay

be
due

to
chance.

F
urtherem

piricalresearchis
neededto

explore
the

validity of the m
odel.

χ
2

A
ckn

o
w

le
d

g
e

m
e

n
t

I
am

m
ostgratefulto

R
olandM

inton
[5],

G
raem

eC
ohen,R

oe
G

oodm
an

[6]
and

B
art

K
lijnstra

for
their

valuable
com

m
ents

and
very

helpful
suggestions in the developm

ent of this article.
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T
he H

ardy distribution for golf hole scores
A

. H
. G

. S
. van der V

E
N

In
an

article
entitled

‘A
M

athem
aticalT

heorem
aboutG

olf’
[1]

G
.H

.
H

ardy
introduceda

sim
ple

m
odelof

golfing.H
e

assum
ed,that,atone

hole,a
golferhasprobability

ofgaining
a

strokew
ith

a
single

shot,and
probability

thathis
shotcostshim

a
stroke.S

uch
strokesw

ill
be

describedas
good

(
)

or
bad

(
),respectively,leaving

probability
for

an
ordinary

(
)

stroke
(seealso

[2]).
F

orexam
ple,on

a
parfour

hole,successivestrokes
w

ill
resultin

a
birdie

(a
scorew

hich
is

one
stroke

lessthan
par)and

in
a

bogey(a
scorew

hich
is

one
strokem

ore
than

par).In
this

paperthe
probability

distribution
w

ill
be

derivedfor
the

num
berofstrokes

a
playerm

ay
take

on
a

hole
of

par
.

T
he

distribution
w

ill
be

derived
separatelyfor

a
par

threehole
,a

parfourhole
and

a
parfive

hole
.A

paris
a

term
in

the
gam

eof
golf

usedto
denotethe

predeterm
inednum

berof
strokesthat

a
scratch

golfer
should

require
to

com
plete

a
hole.A

‘scratch
golfer’is

one
w

hosehandicapis
0

orlow
er;or,in

com
m

onusage,a
golferw

ho
averagesshootingparorbetter.S

ubsequently,a
generalform

ula
w

ill
be

given
w

hich
holds

for
any

par
,

.
In

addition,som
eattentionw

ill
be

given to the m
atter of how

 to validate the obtained distribution using real data.

p
q

G
B

1
−

p
−

q
OO
G

O
B

BG
O

O

P (T
k =

n )
T

k
P (T

3 =
n )

P (T
4 =

n )
P (T

5 =
n )

k
k

=
1, 2,…

1.  H
a

rd
y's m

o
d

e
l a

s a
 ra

n
d

o
m

 w
a

lk
A

possibleapproachto
translateH

ardy'sidea
into

a
m

athem
aticalform

is
to

adaptthe
situationto

a
M

arkov
chain.O

n
a

parthreehole,for
exam

ple,thereare
transitionstates0,1,2

correspondingto
the

resultofan
initial

bad,ordinary
or

good
shot,

respectively,and
there

are
tw

o
absorption

states
3

and
4

correspondingto
holing

out.M
ore

generally,on
a

par
hole

the
statesof

the
system

are
,and

the
transitionsbetw

eenthe
states

are
governed

by
the

follow
ing

rule:
once

the
playerreachesstate

or
,

no
further

transition
into

anotherstate
is

possible;w
hen

the
player

is
at

state
,

w
ith

,then
the

nexttransitionis
eitherto

the
sam

estatew
ith

probability
,orto

w
ith

probability
,orto

w
ith

probability
.T

his
type

of
system

is
called

a
random

w
alk

w
ith

absorbingbarriersatstates
and

.
In

the
caseof

a
parthree,one

m
ay

considerthe
M

arkov
chain *

,
,

 on states 0, 1, 2, 3, 4 w
hose transition probability m

atrix is:

N
0, 1,…

,N
−

1
N

N
+

1
k

0
≤

k
≤

N
−

1
q

k
+

1
(1

−
p−

q)
k

+
2

pN
N

+
1

X
0

X
1

X
2 ,…

,X
k ,…

,X
n ,…

S
tates    0           1                 2                 3           4    

01234

     

     

q
1

−
p

−
q

p
0

0

0
q

1
−

p
−

q
p

0

0
0

q
1

−
p

−
q

p

0
0

0
1

0
0

0
0

0
1

*
W

e follow
 the notation of T

aylor and K
arlin [3].
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observed
data

set
obtained

from
am

ateurplayers,one
should

use
only

playersw
ith

a
handicapindex

of
18

or
36

(notboth).
P

layersshould
all

have
aboutthe

sa
m

e
handicapindex

in
order

to
ensurethatthere

are
no

system
aticdifferencesbetw

eenplayers.In
addition

they
should

eitherhave
a

handicapindex
of18

ora
handicapindex

of36
in

orderto
m

akeit
possible

to
correctthe

official
par

of
the

hole
by

adding
a

value
of

o
n

e
for

bogey
golfers and a value of 

tw
o for double bogey golfers.

T
he

follow
ing

exam
plesm

ay
clarify

the
approachin

m
ore

detail.T
he

data *
w

ere
obtained

from
a

sam
ple

of
156

m
ale

am
ateurbogey

golfers
(handicap18-24).T

hey
played

the
so-calledN

ijm
egen

C
ourseof

the
golf

courseH
et

R
ijk

van
N

ijm
egen

in
G

roesbeek(the
N

etherlands).T
he

data
w

ere
obtainedin

1997.It
w

ould
have

been
betterto

have
atone'sdisposal

handicap18
players

only.
H

ow
ever,the

players
participatedin

gam
esin

w
hich

only
playersw

ith
handicap24

or
low

er
w

ere
allow

ed.P
layersw

ith
handicapindex

less
then

18
w

ere
rem

oved
from

the
sam

ple
in

order
to

obtain
a

hom
ogeneoussam

ple.T
he

correlationbetw
eenthe

handicapindex
and

the
totalscorew

as
not1-tailed

significantatthe
5%

-level(
,

,
).

T
hereforeit

is
justifiable

to
concludethatthere

are
no

system
atic

differences
betw

een
the

players.
A

ll
players

can
be

consideredas
equivalent.

A
goodness-of-fittestw

as
perform

ed
for

a
par

threehole,a
parfour

hole
and

a
parfive

hole.T
he

analysisw
as

perform
ed

on
holesw

hich
w

ere
ascloseas

possibleto
the

averagestrokeindex †,w
hich

is
equalto

9.5.
T

he
actualhole

scoresw
ere

obtainedfrom
hole

5
(par3,

stroke11),hole
8

(par4,stroke9)
and

hole
13

(par5,stroke
4).

T
he

other
tw

o
par

five
holes

had
strokes

2
and

3
respectively.

F
or

each
hole

the
param

eter  w
as taken equal to the par of the hole plus one. r

=
0.074

N
=

156
p

=
0.178

m

H
o

le
5:

T
he

frequencies
w

hich
belong

to
the

variousscores(
)

of
this

hole w
ere as follow

s:
f

n
n

 

n
2

3
4

5
6

7
f

n
1

34
74

35
9

3

M
axim

um
likelihood

estim
ation

yielded
the

values
and

.
F

orthe
com

putationof
the

expectedfrequencyfor
a

scoreof
7

or
m

ore
w

as
setequalto

tim
es

156.
T

he
resulting

w
as

not
significant at the 5%

-level (
, df =

 3, 
). p

=
0.104

q
=

0.119
χ

2

P (T
4

≥
7 )

χ
2

χ
2

=
1.222

p
=

0.748

H
o

le
8:

T
he

frequencies
w

hich
belong

to
the

variousscores(
)

of
these

holes w
ere as follow

s:
f

n
n

n
3

4
5

6
7

8
f

n
1

31
71

40
12

1

*
I thank the golf course H

et R
ijk van N

ijm
egen for allow

ing m
e to use these data.

†
S

trokeindex
is

w
herethe

holeson
a

golf
courseare

rankedin
orderofdifficulty,

stroke 1 being the hardest and stroke 18 being the easiest.
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T
his

w
as

done
separatelyfor

the
casew

here
and

for
the

casew
here

.
F

oreach
of

thesecasesalso
a

chi-squaregoodness-of-fittestw
as

perform
ed.

m
=

4
m

=
5

T
h

e
ca

se
:

T
he

estim
atedvalues

for
and

w
ere

and
.

F
or

the
com

putationof
the

observedfrequenciesfor
and

w
ere

taken
togetheras

w
ell

as
the

expectedfrequenciesfor
and

.
In

addition
the

observed
frequenciesfor

and
w

ere
com

bined.T
he

expectedfrequencyw
assetequalto

tim
es

155.
T

he
resulting

w
as

significant
(

,
df

=
2,

).

m
=

4
p

q
p

=
0.014

q
=

0.144
χ

2
n

=
2

n
=

3
n

=
2

n
=

3
n

=
7

n
=

8
P (T

4
≥

7 )
χ

2
χ

2
=

13.356
p

=
0.001

T
h

e
ca

se
:

T
he

estim
atedvalues

for
and

w
ere

and
.N

ote
the

sw
itch

ofvalues.F
orthe

com
putationof

the
observed

frequenciesfor
and

w
ere

com
bined

again.
T

he
expected

frequencyw
as

again
setequalto

the
right

tailprobability
tim

es
155.

T
he

resulting
w

as
now

not
significant

(
,

df
=

2,
).

m
=

5
p

q
p

=
0.159

q
=

0.044
χ

2

n
=

7
n

=
8

P (T
5

≥
7 )

χ
2

χ
2

=
5.352

p
=

0.069

T
he

assum
ptionof

yields
an

acceptablevalue
for

w
here

the
assum

ptionof
did

not.T
his

m
akesit

clearthatfor
scratchplayers

the
value

of
is

not
alw

ays
equalto

the
official

parof
the

hole.
It

also
m

akesit
clearthatthe

param
eter

,in
principle,cannotbe

consideredas
an

a
p

rio
ri

given
param

eter.Like
the

param
eters

and
it

m
ustbe

estim
ated

from
the

data.H
ow

ever,in
the

caseof
scratchgolfers,in

m
ostcases,the

official par of the hole is a good guess for . *

m
=

5
χ

2

m
=

4
m

m
p

q

m

5.  V
a

lid
a

tio
n

 u
sin

g
 a

m
a

te
u

r p
la

ye
rs

F
or

professionalplayersand
scratch

golfers
(handicapsaround

0)
the

value
of

usually
correspondsw

ith
the

official
parof

the
hole.

F
orbogey

golfers
(handicapsaround

18)
the

value
of

usually
correspondsw

ith
the

official
par

of
the

hole
p

lu
s

o
n

e.
S

im
ilarly,

for
double

bogey
golfers

(handicapsaround
36)

the
value

of
usually

correspondsw
ith

the
official

par
of

the
hole

p
lu

s
tw

o.
F

or
bogey

players,playing
a

par
four

hole,a
correctguessfor

the
value

of
the

param
eter

w
ould,therefore,generallybe

a
value

of5.
N

ow
one

could
arguethat,sincethe

hole
is

officially
a

parfour
hole,it

is
still

possiblefor
bogeygolfersto

m
akea

scoreoftw
o

(a
so-called

‘albatross’),w
hich

according
to

H
ardy's

m
odelis

im
possiblefor

the
case

w
here

.
H

ow
ever,a

sim
ilar

situation
occurs

in
the

case
w

here
.

A
ccording

to
H

ardy's
m

odelfor
a

scoreof
1

(a
so-called

‘hole
in

one’)
is

im
possible.T

herefore,in
H

ardy'sm
odela

'hole
in

one'is
treatedas

a
birdie.

S
im

ilarly,if,
in

the
caseof

an
officialparfour,the

value
of

is
taken

equalto
5,then

an
albatrossshould

be
treatedas

an
eagle(a

scoreof
tw

o
underpar).If

the
m

odelis
testedfor

goodness-of-fitagainstan

m
m

m

m

m
=

5
m

=
3

m
=

3

m

*
T

he
resultsofactualgoodness-of-fittests,in

w
hich

data
are

usedfrom
the

above
m

entioned M
ajors, w

ill be published in a m
ore em

pirically oriented paper.
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w
here

.
T

he
M

arkov
chain

starts
at

tim
e

zero
in

state
.If

the
M

arkov
chain

beginson
state0,it

oscillatesin
states0,1

and
2

for
a

random
duration

and
then

proceedseitherto
state

3
or

to
state

4,
w

here it is trapped or absorbed.

0
≤

p
+

q
≤

1
X

0
=

0

G
enerally,in

the
caseofa

par
,

the
M

arkov
chain

,
,

on
states

has
a

sim
ilar

transition
probability

m
atrix

w
ith

on
the

diagonalcells,
on

the
first

upperoff-diagonalcells
and

,on
the

secondupperoff-diagonalcells
except

for the subm
atrix:

k
k

=
1, 2, 3,…

X
0

X
1

X
2 ,…

,
0, 1, 2, 3,…

,
k

+
1

q
(1

−
p

−
q)

p

S
tates

k        k
+

1

k
k

+
1




1
 

 
0

 
0

 
 

1
 

w
hich has unity diagonal entries and zero off-diagonal entries.  T

he M
arkov

chain starts at tim
e zero in state

.  If the M
arkov chain begins on state

0, it 
oscillates in 

state
 

for a random
 duration and then

proceeds either to state  or to state 
, w

here it is trapped or absorbed.

X
0

=
0

0, 1,…
,

k
−

1
k

k
+

1

2.  D
e

riva
tio

n
 o

f th
e

 H
a

rd
y d

istrib
u

tio
n

s
T

he H
ardy distribution is derived for a par three, a par four and a par five

hole separately. The general form
ula w

ill be given in the next section.  T
his

form
ula holds for a par  w

ith 
 .

k
k

=
1, 2, 3,…

2.1  T
h

e
 H

a
rd

y d
istrib

u
tio

n
 fo

r a
 p

a
r th

re
e

 h
o

le
Let

T
3

=
m

in (0
≤

n;
X

n
=

3
or X

n
=

4 )
be the tim

e of absorption of the process for a parth
re

e.  T
he subscript 3  refers

to a par three!  N
ote that

 sim
ply represents the score on a parth

re
e hole.

C
onsider the case

.  O
ne has the follow

ing sequences of strokes w
ith

transitions 
, w

here 
:

T
3

T
3

=
2

(i,
j)

(i,
j)

=
(X

k
+

1
=

j
|

X
k

=
i )

O
G

 
w

ith
 

(0, 1)
and (1, 3)

G
O

 
w

ith
 

(0, 2)
and (2, 3)

G
G

 
w

ith
 

(0, 2)
and (2, 4).

T
herefore for 

 one obtains:
T

3
=

2P (T
3

=
2 )

=
2p(1

−
p

−
q)

+
p

2.
C

onsider the case
.  O

ne has the follow
ing sequences of strokes w

ith
transitions 

:
T

3
=

3
(i,

j)

B
G

O
w

ith
(0,0) and (0,2) and (2,3)

G
B

O
w

ith
(0,2) and (2,2) and (2,4)

B
O

G
w

ith
(0,0) and (0,1) and (1,3)
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T

H
E

 M
A

T
H

E
M

A
T

IC
A

L G
A

Z
E

T
T

E

O
B

G
w

ith
(0,1) and (1,1) and (1,4)

B
G

G
w

ith
(0,0) and (0,2) and (2,4)

G
B

G
w

ith
(0,2) and (2,2) and (2,4)

O
O

O
w

ith
(0,1) and (1,2) and (2,3)

O
O

G
w

ith
(0,1) and (1,2) and (2,4).

T
herefore for 

 one obtains
T

3
=

3

P (T
3 =

3 )=
4pq(1

−
p

−
q)+

2p
2q

+
(1

−
p

−
q) 3+

p(1
−

p
−

q) 2.
C

onsiderthe
case

.
A

score
of

four
can

be
obtained

by
the

case
in

com
bination

w
ith

tw
o

bad
strokes.

T
his

results
in

sequencesof
strokes.H

ow
ever,a

scoreof
four

can

also
be

obtainedw
ith

eachof
the

sequences
and

in
com

bination
w

ith
one

bad
stroke.T

his
resultsin

sequencesof

scores.  T
herefore for 

 one obtains

T
3

=
4

T
3

=
2

()
×

3
=

3
×

3
=

9
32

O
O

O
O

O
G

()
×

2
=

3
×

2
=

6
31

T
3

=
4

P (X
3 =

4 )=
3q

2(p
2+

2(1
−

p
−

q)p )+
3q ((1

−
p

−
q) 3+

(1
−

p
−

q) 2p ).
M

ore generally, for 
 one obtains

2
≤

n

P(T
3

=
n)

=(
) q

n
−

2(p
2

+
2p(1

−
p

−
q) )

+
n

−
1

n
−

2

 +(
) q

n
−

3(p(1
−

p
−

q) 2
+

(1
−

p
−

q) 3).
n

−
1

n
−

3

N
ote that this form

ula also applies for 
.

1
≤

n

2.2  T
h

e
 H

a
rd

y d
istrib

u
tio

n
 fo

r a
 p

a
r fo

u
r h

o
le

In
the

caseof
a

parfour
one

has
the

M
arkov

chain
on

states0,1,2,3,4,5.T
he

M
arkov

chain
startsattim

e
zero

in
state

.
If

the
M

arkov
chain

beginson
state0,it

oscillatesin
states0,1,2

and
3

for
a

random
duration

and
then

proceedseitherto
state4

or
to

state5,w
here

it
is

trapped or absorbed. Let

X
0 ,

X
1 ,

X
2 ,…

,
X

0
=

0

T
4

=
m

in (0
≤

n;
X

n
=

4
or X

n
=

5 )
be

the
tim

e
of

absorptionof
the

processfor
a

par
fo

u
r.

T
he

subscript4
refersto

a
parfour!

N
ote

that
sim

ply
representsthe

scoreon
a

parfo
u

r
hole.

A
n

eagle(a
scoretw

o
lessthan

par)can
be

obtainedby
shooting

w
ith transitions (0,2) and (2,4).  T

herefore for 
 one obtains

T
4

G
G

T
4

=
2

P (T
4

=
2 )

=
p

2.
C

onsiderthe
case

.
T

he
possiblesequencesof

strokesw
ith

no
bad

strokes are (see also [2]):
T

4
=

3

G
O

O
w

ith
(0,2) and (2,3) and (3,4)

O
G

O
w

ith
(0,1) and (1,3) and (3,4)

T
H

E
 H

A
R

D
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 D
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T
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T
he

correlation
betw

een
the

total
score

of
rounds

1
and

2
w

as
significantfor

the
B

ritish
O

pen
of

2011
and

alm
ostsignificantfor

the
U

S
O

penof
2011.T

hereforeone
m

ightarguethatthesedata
cannotbe

usedfor
a

goodness-of-fittest,becausethere
is

at
leastsom

e
evidenceagainstthe

assum
ptionof

equivalenceof
the

players.
O

ne
w

ay
to

geta
hom

ogeneous
setof

playersw
ould

be
to

rem
ovethe

am
ateurplayersfrom

the
data

set.If
the

am
ateurplayers(

)
w

ere
rem

ovedfrom
the

U
S

O
pendataset,the

resulting
correlation

betw
eenrounds1

and
2

w
as

n
o

tsignificantany
m

ore
,

,
).

H
ow

ever,
if

the
am

ateur
players

)
w

ere
rem

oved
from

the
B

ritish
O

pen
data

set,
the

resulting
correlation

betw
een

round
1

and
2

w
as

still
significant

(
,

, 
).

N
=

12

(r
=

0.030
p

=
0.362

N
=

143
(N

=
39

r
=

0.231
p

=
0.006

N
=

116
A

nother
w

ay
to

circum
ventthe

problem
of

a
too

high
correlation

betw
eenround

1
and

round
2

scoresw
ould

be
to

take
into

considerationthat
the

goodness-of-fitteststo
be

usedare
perform

edon
hole

scoresinsteadof
on

round
scores.T

herefore,insteadof
taking

the
correlationbetw

eenround
scores,one

could
take

the
correlationbetw

eenhole
scoresand

this
for

each
hole

separately.F
oreach

hole
for

w
hich

this
correlation

is
notsignificant

one
m

ay
concludethatthe

scoresare
obtained

from
an

im
aginary

‘single’
player.

In
the

caseof
the

U
S

O
penC

ham
pionship2011

only
for

one
hole

a
1-tailed

significantcorrelationw
as

found
atthe

levelof
5%

.T
his

w
as

hole
7

(
,

,
).

In
the

case
of

the
B

ritish
O

pen
C

ham
pionship2011

also
a

1-tailed
significantcorrelation

w
as

found
atthe

levelof
5%

for
only

one
hole.

T
his

w
as

hole
16

(
,

,
).

G
oodness-of-fittestscould

be
perform

edon
the

rem
aining

17
holes.

r
=

0.171
p

=
0.016

N
=

155

r
=

0.162
p

=
0.022

N
=

155

O
n

som
eoccasionsthe

scorefrequenciesof
a

hole
are

notaccordingto
w

hatw
ould

be
expectedfor

the
par

of
the

hole.
F

or
exam

ple,the
score

frequenciesof
a

hole,w
hich

w
as

originally
designatedas

a
parfour

hole,
could

be
m

ore
in

agreem
entw

ith
a

parfive
than

w
ith

a
parfour

hole.
T

his
could

be
the

caseif
the

m
ean

is
closerto

5
than

to
4.

In
thesecasesthe

H
ardy

distribution
should

be
tested

for
the

m
ore

appropriate
par.

A
n

exam
pleof

such
a

situation
is

given
by

hole
four

on
the

secondday
of

the
B

ritish
O

pen
2011.

T
he

frequencies
w

hich
belong

to
the

variousscores
 w

ere as follow
s:

f
n

(n)

n
3

4
5

6
7

8
f

n
5

69
66

12
2

1

M
axim

um
likelihood

estim
ation

(M
LE

)
for

and
w

as
perform

ed
by

m
axim

ising the log-likelihood 
:

p
q

log
L

log
L

=
∑ 8

n
=

3 f
n

ln (P (T
m

=
n )).

E
ach

of
the

partialderivativesof
w

ith
respectto

and
to

w
as

set
equalto

zero
and

the
resulting

tw
o

equationsw
ere

solved
for

and
.

S
olving

w
as

done
num

erically
using

the
function

‘fsolve’
from

M
a

p
le

12.

log
L

p
qp

q
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T
he

latteris
a

necessarycondition
for

the
application

of
a

goodness-of-fit
test,

w
hich

is
based

on
a

com
parison

of
the

observed
and

expected
frequencydistributions.A

possiblew
ay

to
circum

ventthis
problem

w
ould

be
to

usedifferentplayers,eachplayerplaying
the

hole
one

tim
e.

H
ow

ever,
this

w
ould

only
m

ake
senseif

there
w

as
sufficientevidencethatthe

players
(com

petitors) w
ould all perform

 at the sam
e proficiency level.

In
analogy

w
ith

the
concept

of
re

p
lica

te
m

e
a

su
re

m
e

n
tsin

test
psychology(see[4]

chap.1.12,p.46)one
m

ay
considerthe

firsttw
o

rounds
of

a
tournam

entas
tw

o
replicatetests.

T
his

w
ould

also
be

the
casefor

the
secondtw

o
rounds.

H
ow

ever,in
the

case
of

theserounds
the

num
berof

playersis
considerablyreduced,w

hich
m

aketheseroundslesssuitablefor
a

goodness-of-fittest.A
ccording

to
the

cla
ssica

lte
stth

e
o

ry
m

o
d

e
l(see

[4[,
part2,

p.
55)

the
correlation

betw
eenreplicate

tests
is

a
m

easurefor
the

reliability
of

the
test.T

he
reliability

of
the

observedtest(orround)score
,

w
hich

is
denotedas

,is
definedasthe

ratio
of

the
true

scorevariance
to the observed score variance:

X
ρ

X
X

′
σ

2X

ρ
X

X′
=

σ
2T

σ
2X

=
σ

2T

σ
2T

+
σ

2E

w
here

and
are

replicatetests(round
1

and
round

2).T
he

observedscore
equalsthe

true
score

plus
som

eerror
,i.e.

.
T

herefore,if
the

correlation
betw

een
round

1
and

round
2

is
equalto

zero
(or

not
significantly

different
from

zero),
one

m
ay

validly
conclude

that
the

system
aticdifferencesbetw

een
players

m
ay

be
neglected,and

the
round

scores
m

ay
be

consideredas
being

produced
by

an
im

aginary
‘single’

player.W
hathas

been
said

here
for

round
scoresnaturally

also
holds

for
hole scores.

X
X′

X
T

E
X

=
T

+
E

F
orany

goodness-of-fittestthe
sam

plesize
hasto

be
sufficiently

large.
T

hereforeit
is

recom
m

endedonly
to

use
the

resultsof
round

1
and

2
for

a
goodness-of-fittestand

to
perform

the
testfor

day
1

and
2

separatelyas
a

kind
of

double
check.

In
m

ostof
the

professionalgolf
tournam

entsthe
correlation

betw
eenround

1
and

round
2

significantly
differs

from
zero,

although
at

the
sam

e
tim

e
these

correlationsare
generally

very
low

.
F

or
exam

ple,in
the

U
S

O
penC

ham
pionshipof

2011
this

correlationw
as

alm
ost

1-tailed
significant

at
the

5%
-level(

,
,

).
N

ote,that
and

not
.

T
he

totalnum
berof

playersduring
the

first
and

secondround
w

as
equalto

156
(52

flights
of

three
players

each).H
ow

ever,during
the

secondround
one

playerw
as

11
overparw

ith
one

hole
to

play
w

hen
darknesssuspendedhis

round.R
atherthan

return
for

one
hole

only
to

m
iss

the
cutanyw

ay,this
playerw

ithdrew
.T

his
playerw

as
rem

ovedfrom
the

data
setresulting

in
a

totalof
155

players.In
the

B
ritish

O
pen

C
ham

pionshipof
2011

the
correlation

betw
een

the
total

score
of

rounds
1

and
2

w
as

really
1-tailed

significant
(

,
,

).
O

ne
of

the
playersw

as
forced

to
w

ithdraw
due

to
injury

during
the

secondround.
T

his
playerw

as
also

rem
ovedfrom

the
data

setresulting
in a total of 155 players.

r
=

0.124
p

=
0.063

N
=

155
N

=
155

N
=

156

r
=

0.331
p

=
0.000

N
=

155

T
H

E
 H

A
R

D
Y

 D
IS

T
R

IB
U

T
IO

N
 F

O
R

 G
O

LF
 H

O
LE

 S
C

O
R

E
S

431

O
O

G
w

ith
(0,1) and (1,2) and (2,4)

O
G

G
w

ith
(0,1) and (1,3) and (3,5)

G
O

G
w

ith
(0,2) and (2,3) and (3,5).

T
he possible sequences of strokes w

ith one bad stroke are (see also [2]):

G
B

G
w

ith
(0,2) and (2,2) and (2,4)

B
G

G
w

ith
(0,0) and (0,2) and (2,4).

T
herefore for 

 one obtains
T

4
=

3

P (T
4

=
3 )

=
3p(1

−
p

−
q) 2

+
2p

2(1
−

p
−

q)
+

2p
2q.

C
onsiderthe

case
.

F
orthe

sequence
in

com
binationw

ith
tw

o
bad

strokesone
has

sequencesof
strokes.F

oreach

ofthe
possiblesequencesof

threestrokesw
ith

no
bad

strokein
com

bination
w

ith
one

bad
stroke

one
has

sequencesof
strokes.

F
inally

one
has

the
sequencesof

strokes
and

.
T

hereforefor
 one obtains T

4
=

4
G

G

()
×

1
=

3
×

1
=

3
32

()
×

5
=

3
×

5
=

15
31

O
O

O
O

O
O

O
G

T
4

=
4

P(X
4

=
4)

=
3q

2p
2

+
3q (2p

2(1
−

p
−

q)
+

3p(1
−

p
−

q) 3)
+

 +
p(1

−
p

−
q) 3

+
(1

−
p

−
q) 4.

M
ore

generally,one
m

ay
obtain

the
probability

distribution
for

:
P (T

4
=

n )
2

≤
n

P (T
4

=
n )

=(
) q

n
−

2p
2

+
n

−
1

n
−

2

 
+(

) q
n

−
3(2p

2(1
−

p
−

q)
+

3p(1
−

p
−

q) 2)
+

n
−

1
n

−
3

 
+(

) q
n

−
4(p(1

−
p

−
q) 3

+
(1

−
p

−
q) 4).

n
−

1
n

−
4

N
ote the resem

blance w
ith 

.
P (T

3
=

n )

2.3  T
h

e
 H

a
rd

y d
istrib

u
tio

n
 fo

r a
 p

a
r five

 h
o

le
In

the
caseof

a
parfive,

one
has

the
M

arkov
chain

on
states

0,
1,

2,
3,

4,
5,

6.
T

he
M

arkov
chain

starts
at

tim
e

zero
in

state
.If

the
M

arkov
chain

beginson
state0,it

oscillatesin
states0,1,2,

3
and

4
for

a
random

duration
and

then
proceedseitherto

state5
or

to
state

6, w
here it is trapped or absorbed. Let

X
0 ,

X
1 ,

X
2 ,…

,

X
0

=
0

T
5

=
m

in (0
≤

n;
X

n
=

5
or X

n
=

6 )
be

the
tim

e
of

absorptionof
the

processfor
a

par
five.

T
he

subscript5
refersto

a
parfive!

N
ote

that
sim

ply
representsthe

scoreon
a

parfive
hole.

A
n

eaglecan
be

obtainedby
the

follow
ing

sequencesof
strokesw

ith
transitions 

:

T
5

(i,
j)
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O
G

G
w

ith
(0,1) and (2,4) and (4,6)

G
O

G
w

ith
(0,2) and (2,3) and (3,5)

G
G

O
w

ith
(0,2) and (2,4) and (4,5)

G
G

G
w

ith
(0,2) and (2,4) and (4,6).

T
herefore for 

 one obtains
T

5
=

3P (T
5

=
3 )

=
3p

2(1
−

p
−

q)
+

p
3.

C
onsiderthe

case
(a

birdie).
F

or
each

of
the

above
triples

,
,

and
in

addition
to

one
bad

shot
one

obtains12
possibilitiesto

scorea
birdie.

F
or

each
of

the
quadruples

,
and

w
ith

tw
o

good
shotsone

obtains3
possibilitiesto

scorea
birdie

and
for

eachof
the

quadruples
,

,
and

w
ith

one
good

shot4
possibilities.

T
his

yields
a

totalof
19

w
ays

to
score

a
birdie.

T
herefore the probability for a birdie is

T
5

=
4

O
G

G
G

O
G

G
G

O
G

G
G

(B)O
O

G
G

O
G

O
G

G
O

O
G

O
O

O
G

O
O

G
O

O
G

O
O

G
O

O
O

P(T
5 =

4)=
9p

2(1
−

p
−

q)+
3p

3+
3p

2(1
−

p
−

q) 2+
4p(1

−
p

−
q) 3.

C
onsiderthe

case
(a

par).
F

oreachof
the

abovetriples
,

,
and

in
addition

to
tw

o
bad

shots
one

obtains
possibilities

to
score

a
par.

F
or

each
of

the

quadruples
,

and
in

addition
to

one
bad

shotone
obtains

possibilitiesto
scorea

parand
for

eachof

the
quadruples

,
,

and
w

ith
one

bad
shot

possibilities.
F

inally,one
m

ay
obtain

a
parw

ith

the
sequences

and
.

T
his

yields
a

totalof
54

w
ays

to
score a par.  T

herefore the probability for a par is

T
5 =

5
O

G
G

G
O

G
G

G
O

G
G

G
(B)

()
×

4
=

6
×

4
=

24
42

O
O

G
G

O
G

O
G

G
O

O
G

()
×

3
=

4
×

3
=

12
41

O
O

O
G

O
O

G
O

O
G

O
O

G
O

O
O

()
×

4
=

4
×

4
=

16
41

O
O

O
O

O
O

O
O

O
G

P (T
5

=
5 )

=
6q

2(p
3

+
3p

2(1
−

p
−

q) )
+

 
+

4q (3p
2(1

−
p

−
q) 2

+
4p(1

−
p

−
q) 3)

+

 
+

p(1
−

p
−

q) 4
+

(1
−

p
−

q) 5.
M

ore
generally,one

m
ay

obtain
the

probability
distribution

for 
:

P (T
5

=
n )

3
≤

n

P(T
5

=
n)

=(
) q

n
−

3(p
3

+
3p

2(1
−

p
−

q) )
+

n
−

1
n

−
3

 +(
) q

n
−

4(3p
2(1

−
p

−
q) 2

+
4p(1

−
p

−
q) 3)

+
n

−
1

n
−

4

 +(
) q

n
−

5(p(1
−

p
−

q) 4
+

(1
−

p
−

q) 5).
n

−
1

n
−

5

N
ote the resem

blance to the form
ulas for 

 and 
.

P(T
3

=
n)

P(T
4

=
n)

T
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3.  G
e

n
e

ra
l fo

rm
u

la
 fo

r th
e

 H
a

rd
y d

istrib
u

tio
n

T
he

probability
distribution

for
,

w
here

denotes the par of a hole and 
, is as follow

s:
P(T

m
=

n)
m

=
1, 2, 3,…

m
 y

=
m

ax{j
∈

z
|

j
≤

y}

P (T
m

=
n )

=
∑ m

j=
 k (

) q
n

−
j( A

jm
+

B
jm )

w
ith

 k
=

m
+

1

2

n
−

1
n

−
j

w
here

A
jm

=(
) p

m
+

1
−

j(1
−

p
−

q) 2j−
m

−
1

j
−

1

2j
−

m
−

1

and

B
jm

=(
) p

m
−

j(1
−

p
−

q) 2j−
m.

j

2j
−

m

T
he m

om
ent generating function 

 is as follow
s:

M
T

|m (t)
=

E (e
tT

m)

M
T

|m (t)
=

∑ m

j=
 k ( X

jm
+

Y
jm ) e

j t

(1
−

e
t q) j

w
here

X
jm

=(
) p

m
+

1
−

j(1
−

p
−

q) 2j−
m

−
1

j
−

1

2j
−

m
−

1

and

Y
jm

=(
) p

m
−

j(1
−

p
−

q) 2j−
m.

j

2j
−

m

T
he m

ean 
 of 

 is as follow
s:

µ
m

T
m

µ
m

=
∑ m

j=
1 −

(m
+

1
−

j)p
j−

1

(q
−

1) j
 

m
=

1, 2, 3,…

T
he sim

plicity of this form
ula m

akes it attractive.

4.  V
a

lid
a

tio
n

 u
sin

g
 p

ro
fe

ssio
n

a
l p

la
ye

rs
T

o
inquire

the
validity

of
a

certain
probability

distribution
it

is
com

m
on

practice
to

com
parethe

observedfrequencydistribution
of

scoresw
ith

the
expectedfrequency

distribution
using

a
goodness-of-fittestsuch

as,for
exam

ple,the
K

olm
ogorov-S

m
irnovZ

testor
P

earson'schi-squaretest.
T

o
do

so,how
ever,one

m
usthave

at
one's

disposalm
any

scores.
It

is
very

difficult
though

to
find

a
playerw

ho
is

preparedto
play

a
hole

m
any

tim
es

in
orderto

obtain
enoughscores.M

oreover,due
to

practice,the
playerm

ight
becom

em
ore

fam
iliar

w
ith

the
hole

in
the

courseof
playing.T

his
w

ould
m

eanthatsubsequenthole
scoresw

ould
be

subjectto
som

elearning
effect

and
could

not,therefore,be
consideredas

a
collection

of
pure

replications.


