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The maximum likelihood estimationsof p and q were p = 0.074 and
g = 0.101. Theexpectedrequencyfor a scoreof 8 or morewassetequal
to P(Ts > 8) times156. The resultingy? testswere not significant at the
5%-level ¢ = 3.359, df = 3,p = 0.340).

Hole 3: The frequencied, which belongto the variousscores(n) of this
hole were as follows:

n 3 4 5 6 7 8
fn 1 2 31 64 40 18

Maximum likelihood estimation yielded the values p = 0.074 and
g = 0.101. Forthecomputatiorof ¥ thefrequencieselongingto scores3
and 4 were takentogetheras well as the respectiveexpectedfrequencies.
Theexpectedrequencyfor a scoreof 8 or morewassetequalto P(Ts > 8)
times 156. The resulting > was not significant at the 5%-level
(x> = 0.829,df =2,p = 0.661).

In all these examplesthe value of x? was not significant, which of
courseis in favour of the model. However,thesefavourableoutcomeanay
be due to chance. Further empirical researchis neededto explore the
validity of the model.
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The Hardy distribution for golf hole scores
A. H. G. S. van der VEN

In an article entitled ‘A MathematicalTheoremabout Golf' [1] G.H.
Hardy introduceda simple model of golfing. He assumedthat, at one hole, a
golfer hasprobability p of gaininga strokewith a singleshot,andprobability q
thathis shotcostshim a stroke.Suchstrokeswill be describedasgood(G) or
bad (B), respectively|eaving probability 1 — p — q for an ordinary (O) stroke
(seealso[2]). For example,on a par four hole, successivestrokesOGO will
resultin a birdie (a scorewhich is one strokelessthan par) and BBGOO in a
bogey(ascorewhichis onestrokemorethanpar).In this paperthe probability
distributionP(T, = n) will bederivedfor the numberof strokesT a playermay
takeon a hole of par k. The distributionwill be derivedseparatelyfor a par
threehole P(T; = n), a parfour hole P(T, = n) anda parfive hole P(Ts = n). A
paris atermin the gameof golf usedto denotethe predeterminechumberof
strokesthat a scratchgolfer should require to completea hole. A ‘scratch
golfer’ is onewhosehandicags O or lower; or, in commonusagea golferwho
averageshootingparor better. Subsequentlya generalformulawill be given
which holdsfor anypark, k=1, 2,... . In addition,someattentionwill be

given to the matter of how to validate the obtained distribution using real data.

1. Hardy's model as a random walk

A possibleapproactto translateHardy'sideainto a mathematicaform is to
adaptthe situationto a Markov chain.On aparthreehole,for examplethereare
transitionstated), 1, 2 correspondingdo the resultof aninitial bad,ordinaryor
good shot, respectively, and there are two absorption states 3 and 4
correspondingo holing out. More generally,on a par N hole the statesof the
systemare 0, 1,...,N — 1, andthe transitionsbetweenthe states are governed
by the following rule: oncethe player reachesstateN or N + 1, no further
transition into anotherstate is possible;when the player is at state k, with
0 < k< N -1, thenthenexttransitionis eitherto the samestatewith probability
g, orto k + 1 with probability (1 - p-q), orto k + 2 with probability p. This
type of systemis calleda randomwalk with absorbingbarriersat statesN and
N+ 1. In the caseof a parthree,one may considerthe Markov chairi Xo, X;,

Xo, ..oy Xk ..., Xn, ... ON States 0, 1, 2, 3, 4 whose transition probability matrix is:

States 0 1 2 3 4
0 q l-p-q p 0 0
1 0 q l1-p-q p 0
2 10 o0 g 1-p-gp
3 0 0 0 1 0
4 0 0 0 0 1

*

We follow the notation of Taylor and Karlin [3].
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observeddata set obtainedfrom amateurplayers, one should use only

playerswith a handicapindex of 18 or 36 (not both). Playersshouldall

have about the samehandicapindex in order to ensurethat there are no
systematidifferencesbetweenplayers. In additionthey shouldeitherhave
ahandicagndexof 18 or ahandicapindexof 36in orderto makeit possible
to correctthe official par of the hole by addinga value of onefor bogey
golfers and a value a@ivo for double bogey golfers.

The following examplesmay clarify the approachin more detail. The
datd were obtainedfrom a sampleof 156 male amateurbogey golfers
(handicapl8-24). They playedthe so-calledNijmegen Courseof the golf
courseHet Rijk van Nijmegenin Groesbeekthe Netherlands). The data
were obtainedin 1997.1t would havebeenbetterto haveat one'sdisposal
handicapl18 playersonly. However, the playersparticipatedin gamesin
which only playerswith handicap24 or lower were allowed. Playerswith
handicapindex less then 18 were removedfrom the samplein order to
obtaina homogeneousample. The correlationbetweenthe handicapindex
andthe total scorewasnot 1-tailedsignificantat the 5%-level(r = 0.074,
N = 156, p = 0.178). Thereforeit is justifiable to concludethatthereare
no systematic differences between the players. All players can be
consideredas equivalent. A goodness-of-fitest was performedfor a par
threehole, a par four hole anda par five hole. The analysiswas performed
on holeswhichwereascloseaspossibleto the averagestrokeindex!, which
is equalto 9.5. The actualhole scoreswere obtainedfrom hole 5 (par 3,
strokel11), hole 8 (par 4, stroke9) andhole 13 (par5, stroke4). Theother
two par five holes had strokes2 and 3 respectively. For each hole the
parametem was taken equal to the par of the hole plus one.

Hole 5: The frequencied , which belongto the variousscores(n) of this
hole were as follows:

n 2 3 4 5 6 7

fn 1 34 74 3 9 3
Maximum likelihood estimation yielded the values p = 0.104 and
g = 0.119. Forthecomputatiorof »? the expectedrequencyfor ascoreof

7 or morewassetequalto P(T, > 7)times156. Theresultingy? wasnot
significant at the 5%-levelf = 1.222, df = 3,p = 0.748).

Hole 8: Thefrequencied,, which belongto the variousscoreg(n) of these
holes were as follows:

n 3 4 5 6 7 8
fn 1 31 71 40 12 1

*

T Strokeindexis wherethe holeson a golf coursearerankedin orderof difficulty,
stroke 1 being the hardest and stroke 18 being the easiest.

I thank the golf course Het Rijk van Nijmegen for allowing me to use these data.
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This wasdoneseparatelyffor the casewherem = 4 andfor the casewhere
m = 5. Foreachof thesecasesalso a chi-squaregoodness-of-fitestwas
performed.

Thecasem = 4: The estimatedvaluesfor p andqg werep = 0.014 and
q = 0.144. For the computationof y? the observedrequenciesor n = 2
and n = 3 were taken togetheras well as the expectedfrequenciesfor
n = 2 andn = 3. In addition the observedfrequenciesfor n = 7 and
n = 8werecombined. Theexpectedrequencywassetequalto P(T, > 7)
times 155. The resulting y* was significant (y*> = 13.356, df = 2,
p = 0.001).

Thecasem = 5. The estimatedvaluesfor p and g were p= 0.159 and
q = 0.044. Notethe switch of values.For the computatiorof y? the observed
frequenciesfor n = 7 and n = 8 were combinedagain. The expected
frequencywas againsetequalto the right tail probability P(Ts > 7) times
155. The resulting ¥ was now not significant (y*> = 5.352, df = 2,
p = 0.069).

The assumptiorof m = 5 yields an acceptablesalue for x> wherethe
assumptiorof m = 4 did not. This makesit clearthat for scratchplayers
the value of mis not alwaysequalto the official par of the hole. It also
makesit clearthatthe parametem, in principle,cannotbe considerechsan
a priori given parameterLike the parameterp and g it mustbe estimated
from the data. However,in the caseof scratchgolfers,in mostcasesthe
official par of the hole is a good guess faf

5. Validation using amateur players

For professionalplayersand scratchgolfers (handicapsaround0) the
valueof musuallycorrespondsvith the official parof the hole. For bogey
golfers (handicapsaround18) the value of m usually correspondith the
official par of the hole plus one Similarly, for double bogey golfers
(handicapsaround36) the value of m usually correspondsvith the official
par of the hole plus two. For bogey players, playing a par four hole, a
correctguesdor the valueof the parametemwould, therefore generallybe
avalueof 5. Now onecouldarguethat, sincethe holeis officially a parfour
hole, it is still possiblefor bogeygolfersto makea scoreof two (a so-called
‘albatross’), which accordingto Hardy's model is impossiblefor the case
where m = 5. However, a similar situation occursin the casewhere
m = 3. Accordingto Hardy'smodelfor m = 3 a scoreof 1 (a so-called
‘hole in one’) is impossible.Therefore,in Hardy'smodel a 'holein one'is
treatedasa birdie. Similarly, if, in the caseof anofficial parfour, thevalue
of mis takenequalto 5, thenan albatrossshouldbe treatedasan eagle(a
scoreof two underpar). If the modelis testedfor goodness-of-firgainstan

*

Theresultsof actualgoodness-of-fitests,in which dataareusedfrom the above
mentioned Majors, will be published in a more empirically oriented paper.
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where0 < p + q < 1. The Markov chain startsat time zero in state
Xo = 0. If theMarkov chainbeginson state0, it oscillatesin stated), 1 and
2 for a randomduration and then proceedither to state3 or to state4,
where it is trapped or absorbed.

Generally,n thecaseof apark, k = 1, 2, 3, ... theMarkov chainXo,
X1, X, ..., on statesO0, 1, 2, 3 ...,k + 1 has a similar transition
probability matrix with g on the diagonalcells, (1 — p — @) on the first
upperoff-diagonalcellsand p, on the secondupperoff-diagonalcellsexcept
for the submatrix:

States k k+1

k 1 0
k+1]0 1

which hasunity diagonalentriesand zero off-diagonalentries. The Markov
chainstartsat time zeroin stateX, = 0. If the Markov chainbeginson state
0, it oscillatesin stateO, 1, ...,k — 1 for a random duration and then
proceeds either to stateor to stat&k + 1, where it is trapped or absorbed.

2. Derivation of the Hardy distributions

The Hardy distributionis derivedfor a parthree,a parfour anda parfive
hole separatelyThe generalformula will be given in the next section. This
formula holds for a patwithk = 1, 2, 3, ....

2.1 The Hardy distribution for a par three hole
Let
T, = mn(0 < n X, = 30orX, = 4

bethetime of absorptiorof the procesdor a parthree Thesubscript3 refers
to a parthree! Note that T; simply representshe scoreon a par three hole.
Considerthe caseT; = 2. Onehasthe following sequencesf strokeswith
transitions(i, j), where(i, j) = (X, 1 = j | X = i)

oG with (0, 1) and (1, 3)

GO  with (0, 2)and (2, 3)

GG with (0, 2) and (2, 4).
Therefore fofT; = 2 one obtains:

P(Ts =2 = 2p(L-p-q) +p"

Considerthe caseT; = 3. Onehasthe following sequencesf strokeswith
transitiond(i, j):

BGO with (0,0) and (0,2) and (2,3)
GBO with (0,2) and (2,2) and (2,4)
BOG with (0,0) and (0,1) and (1,3)
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OBG with (0,1) and (1,1) and (1,4)

BGG with (0,0) and (0,2) and (2,4)

GBG with (0,2) and (2,2) and (2,4)

OO0 with (0,1) and (1,2) and (2,3)

OOG with (0,1) and (1,2) and (2,4).
Therefore fofT; = 3 one obtains

P(Ts=3) = 4pa(L - p- )+ 20°q + (1 -p-)°+ p(L - p- ).
Considerthe caseT; = 4. A scoreof four can be obtainedby the case
T: = 2 in combination with two bad strokes. This results in
@ x 3 = 3 x 3 = 9sequencesf strokes.However,a scoreof four can
alsobe obtainedwith eachof the sequence®©00 andOOG in combination
with one bad stroke. This resultsin va x 2 = 3 x 2 = 6 sequencesf

1
scores. Therefore fAr = 4 one obtains

P(Xs=4) = 3¢ (p*+ 21— p- p) +3a((L - p- @+ (L - p- 9)°p).
More generally, fo2 < n one obtains

~1) .
P(Ts =) = |~ |d' (" + 201 - p- @) +
— 1) .
+ ”|wg *PA-p-9*+ @1 -p-09°.

Note that this formula also applies fbr< n.

2.2 The Hardy distribution for a par four hole

In the caseof a par four one hasthe Markov chain Xg, X, X5, ..., on
stated), 1, 2, 3, 4, 5. The Markov chainstartsat time zeroin stateX, = 0.
If the Markov chainbeginson state0, it oscillatesn state<0, 1, 2 and3 for a
randomdurationandthen proceedsitherto state4 or to state5, whereit is
trapped or absorbed. Let

T, = mn(0 < n X, = 4o0r X, = 5)

be the time of absorptionof the processfor a par four. The subscript4
refersto a parfour! NotethatT, simply representshe scoreon a par four
hole. An eagle(a scoretwo lessthanpar) canbe obtainedby shootingGG
with transitions (0,2) and (2,4). Therefore 1gr= 2 one obtains

P(T, = 2) = p°

Considerthe caseT; = 3. The possiblesequencesf strokeswith no bad
strokes are (see also [2]):

GOO with (0,2) and (2,3) and (3,4)
OGO with (0,1) and (1,3) and (3,4)

THE HARDY DISTRIBUTION FOR GOLF HOLE SCORES 435

The correlation between the total score of rounds 1 and 2 was
significantfor the British Openof 2011 and almostsignificantfor the US
Openof 2011.Thereforeone might arguethatthesedatacannotbe usedfor
a goodness-of-fitest, becausehereis at leastsomeevidenceagainstthe
assumptiorof equivalenceof the players. Oneway to geta homogeneous
setof playerswould be to removethe amateumplayersfrom the dataset. If
theamateumplayers(N = 12) wereremovedrom the US Opendataset,the
resultingcorrelationbetweenrounds1 and 2 was not significant any more
(r = 0.030, p = 0362, N = 143). However, if the amateur players
(N = 39) were removedfrom the British Open data set, the resulting
correlation betweenround 1 and 2 was still significant (r = 0.231,
p = 0.006,N = 116).

Another way to circumventthe problem of a too high correlation
betweerround1 andround?2 scoreswvould beto takeinto consideratiorthat
the goodness-of-fiteststo be usedare performedon hole scoresinsteadof
onroundscores. Thereforejnsteadof taking the correlationbetweerround
scorespnecouldtakethe correlationbetweenrhole scoresandthis for each
hole separately. For eachhole for which this correlationis not significant
one may concludethat the scoresare obtainedfrom animaginary ‘single’
player. In the caseof the US OpenChampionshi2011 only for oneholea
1-tailed significantcorrelationwasfound at the level of 5%. This washole
7 (r = 0171, p = 0016, N = 155). In the caseof the British Open
Championshi2011 alsoa 1-tailed significantcorrelationwasfound at the
level of 5% for only onehole. Thiswashole 16 (r = 0.162, p = 0.022,
N = 155). Goodness-of-fitestscould be performedon the remainingl7
holes.

On someoccasionghe scorefrequencief a hole are not accordingto
what would be expectedfor the par of the hole. For example,the score
frequencief a hole, which was originally designatedas a par four hole,
couldbe morein agreemenwith a parfive thanwith a parfour hole. This
could be the caseif the meanis closerto 5 thanto 4. In thesecasesthe
Hardy distribution should be tested for the more appropriatepar. An
exampleof sucha situationis given by hole four on the secondday of the
British Open2011. The frequencied,, which belongto the variousscores
(n) were as follows:

n 3 4 5 6 7 8

f. 5 69 66 12 2 1
Maximum likelihood estimation (MLE) for p and q was performed by
maximising the log-likelihoodbgL:

logL = W?_ivqs = n)).

Eachof the partial derivativesof logL with respectto p andto g was set
equal to zero and the resulting two equationswere solved for p and g.
Solving was done numerically using the function ‘fsolve’ from Maple 12.
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The latter is a necessarycondition for the applicationof a goodness-of-fit
test, which is basedon a comparisonof the observedand expected
frequencydistributions. A possibleway to circumventthis problemwould

beto usedifferentplayers,eachplayerplayingthe hole onetime. However,
this would only makesenséf therewassufficientevidencehatthe players
(competitors) would all perform at the same proficiency level.

In analogy with the concept of replicate measurementsn test
psychology(see[4] chap.1.12,p. 46) onemay considerthefirst two rounds
of atournamentastwo replicatetests. This would alsobethe casefor the
secondtwo rounds. However,in the caseof theseroundsthe numberof
playersis considerablyreducedwhich maketheseroundslesssuitablefor a
goodness-of-fitest. According to the classicaltesttheory model(see[4],
part 2, p. 55) the correlationbetweenreplicatetestsis a measurefor the
reliability of the test. Thereliability of the observedest(or round)scoreX,
which is denotedaspxy, is definedasthe ratio of thetrue scorevarianceo
to the observed score variance:

0% 0%

P 0% 0% + ot

whereX and X’ arereplicatetests(round1 andround?2). The observedscore
X equalsthetrue scoreT plussomeerrorE, i.e. X = T + E. Therefore,if
the correlation betweenround 1 and round 2 is equal to zero (or not
significantly different from zero), one may validly conclude that the
systematicdifferencesbetweenplayersmay be neglected,and the round
scoresmay be consideredas being producedby an imaginary ‘single’
player. What has beensaid here for round scoresnaturally also holds for
hole scores.

For any goodness-of-fitestthe samplesize hasto be sufficiently large.
Thereforeit is recommendeanly to usethe resultsof round 1 and2 for a
goodness-of-fitestandto performthe testfor day 1 and 2 separatelyasa
kind of double check. In most of the professionalgolf tournamentshe
correlationbetweenround 1 and round 2 significantly differs from zero,
althoughat the sametime thesecorrelationsare generallyvery low. For
examplejn the US OpenChampionshimf 2011 this correlationwasalmost
1-tailed significant at the 5%-level (r = 0.124, p = 0.063, N = 155).
Note,thatN = 155andnotN = 156. Thetotal numberof playersduring
the first and secondround was equalto 156 (52 flights of three players
each). However,during the secondroundone playerwas 11 over par with
onehole to play whendarknessuspendedhis round. Ratherthanreturnfor
oneholeonly to missthe cut anyway,this playerwithdrew. This playerwas
removedfrom the datasetresultingin a total of 155 players. In the British
Open Championshipof 2011 the correlation betweenthe total score of
rounds1 and 2 was really 1-tailed significant (r = 0.331, p = 0.000,
N = 155). Oneof the playerswasforcedto withdrawdueto injury during
thesecondround. This playerwasalsoremovedfrom the datasetresulting
in a total of 155 players.
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OO0G with (0,1) and (1,2) and (2,4)
OGG with (0,1) and (1,3) and (3,5)
GOG with (0,2) and (2,3) and (3,5).

The possible sequences of strokes with one bad stroke are (see also [2]):

GBG with (0,2) and (2,2) and (2,4)
BGG with (0,0) and (0,2) and (2,4).

Therefore foff, = 3 one obtains

P(Ta = 3) = 3pL - p- 0+ 20°(L - p- 9 + 2p’q
Considerthe caseT,; = 4. Forthe sequencdsG in combinationwith two
Umaw:oxmwo:m:mm@ x 1 = 3 x 1 = 3sequencesf strokes. Foreach
of the possiblesequencesf threestrokeswith no badstrokein combination
with o:mcmaw:oxmo:m:mm@ x 5 = 3 x 5 = 15sequencesf strokes.

Finally one hasthe sequencesf strokesOOOO and OOOG. Thereforefor
T4 = 4 one obtains

P(Xs = 4) = 3p" +3q(2p°L -p-9 +3pA -p-0a) +
+pl-p-a’+@-p-9-

More generally,one may obtainthe probability distribution P(T, = n) for
2<n

~ 1)
P(Ty =) = (1 o]d % +
n-1} n-3/,2 2
+{, _a)d @A -p-a+3pA-p-09)+
n-1\ -
g _g)d A -p-a*+@-p-a

Note the resemblance witT; = n).

2.3 The Hardy distribution for a par five hole

In the caseof a parfive, onehasthe Markov chain Xy, X3, X5, ..., on
states 0, 1, 2, 3, 4, 5, 6. The Markov chain startsat time zero in state
Xo = 0. If the Markov chainbeginson state0, it oscillatesin state<0, 1, 2,
3 and4 for arandomdurationandthen proceedsitherto state5 or to state
6, where it is trapped or absorbed. Let

Ts = min(0 < n; X, = 50r X, = 6)

be the time of absorptionof the processfor a par five. The subscript5
refersto a parfive! Note that Ts simply representshe scoreon a par five
hole. An eaglecanbe obtainedby the following sequencesf strokeswith
transitions(i, j):
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OGG with (0,1) and (2,4) and (4,6)
GOG with (0,2) and (2,3) and (3,5)
GGO with (0,2) and (2,4) and (4,5)
GGG with (0,2) and (2,4) and (4,6).

Therefore fofTs = 3 one obtains

P(Ts = 3) = 3p°L - p~- 0 + P’

Considerthe caseTs = 4 (a birdie). For eachof the abovetriples
OGG, GOG, GGO andGGG in additionto one badshot (B) one obtains12
possibilitiesto scorea birdie. For eachof the quadruplesOOGG, OGOG
and GOOG with two good shotsoneobtains3 possibilitiesto scorea birdie
andfor eachof the quadruple€DO0G, OOGO, OGOO and GOOO with one
goodshot4 possibilities. This yields a total of 19 waysto scorea birdie.
Therefore the probability for a birdie is

P(Ts = 4) = 9p*(1 - p- o)+ 3p° + 3p°(1 - p— 9)* + 4p(1 - p- 9.
Considetthe caseTs = 5 (a par). For eachof the abovetriples OGG, GOG,
GGO and GGG in addition to two bad shots (B) one obtains
@ x 4 = 6 x 4 = 24 possibilities to score a par. For each of the
guadruplesOOGG, OGOG and GOOG in addition to one bad shot one
ocﬁm_:mﬁ_v x 3 = 4 x 3 = 12 possibilitiesto scorea parandfor eachof
the quadruplesO0O0G, OOGO, OGOO and GOOO with one bad shot
A@ x 4 = 4 x 4 = 16 possibilities. Finally, one may obtain a par with
the sequence®DO000 and OOOOG. This yields a total of 54 ways to
score a par. Therefore the probability for a par is

P(Ts = 5 = 6q°(p* + 3p°(1 - p - Q) +
43 (1 -p-*+ 41 -p- g+

+pl-p-9*'+@-p-0g°
More generally,one may obtain the probability distributionP(Ts = n)
for3 < n:

+

1

>
|

P(Ts =) = | Jd" (P + 3@ -p-a)+
_J|H n-4 2 3
tl,_gd i EPA-p-a®+4pd-p-a)+
—1) .
+ ”|mg "PA-p-a'+@-p-a).

Note the resemblance to the formulasR¢T; = n) andP(T, = n).
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3. General formula for the Hardy distribution
The probability distributionP(T,, = n)form = 1, 2, 3, ..., wherem
denotes the par of a hole diyd = max{j € Z | j < y}, is as follows:

m [ .
P(To=n = 3 (" Y (An + B with k = 21
A 2
where
_. -1 m+1—j 2 -m-1
}_‘:HN._|3|“_.U An_.lﬁlﬂv
and
j 2 -
B = g _ | 'A-p-gi "
The moment generating functiddyy | (t) = E(€™) is as follows:
m j t
(Xjm + Yim €
Mrim(t) = 3 o= Jm =
o _.Mr 1-eaq
where
j-1 1] -
Xim = o _m_ 1P Yla-p-o? "t
and
j 2 -
Yim = N_.|3_o3 a-p-g? ™

The meany, of T,, is as follows:
m N -1
(m+1-)p
i = R SALL IS VA A
" _Mm (q -1y
The simplicity of this formula makes it attractive.

m=1 2 3.

4. Validation using professional players

To inquire the validity of a certainprobabilitydistributionit is common
practiceto comparethe observedrequencydistribution of scoreswith the
expectedfrequencydistribution using a goodness-of-fittest such as, for
example the Kolmogorov-SmirnovZ testor Pearson'shi-squaretest. To
do so, however,one must have at one'sdisposalmany scores. It is very
difficult thoughto find a playerwho is preparedo play a hole manytimes
in orderto obtainenoughscoresMoreover,dueto practice theplayermight
becomemore familiar with the hole in the courseof playing. This would
meanthat subsequenhole scoreswould be subjectto somelearning effect
andcould not, therefore,be consideredasa collection of pure replications.



